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Recent experimental progress has led to the detection of many new hadrons. Very recently, the LHCb
Collaboration announced the observation of two new Σbð6097Þ� states in the Λ0

bπ
� invariant mass

distribution, which are considered to be the excited states of the ground-state Σð�Þ
b baryon. Although almost

all of the ground-state baryons have been observed, the fact that only a limited number of excited states
have been observed makes them intriguing. Understanding the properties of the excited baryons would
improve our knowledge about the strong interaction, as well as the nature and internal structures of these
baryons. To specify the quantum numbers of the Σbð6097Þ� states, we analyze their strong decays to Λ0

b

and π� within the light-cone QCD sum rules formalism. To this end, they are considered as possible 1P or
2S excitations of either the ground-state Σb baryon with J ¼ 1

2
or the Σ�

b baryon with J ¼ 3
2
, and their

corresponding masses are calculated. The results of the analyses indicate that the Σbð6097Þ� baryons are
excited 1P baryons with quantum numbers JP ¼ 3

2
−.

DOI: 10.1103/PhysRevD.99.094003

I. INTRODUCTION

In the quark model, the heavy baryons containing one
heavy and two light quarks form multiplets using the
symmetries of flavor, spin, and spatial wave functions [1].
These considerations lead to the result that they belong to the
sextet and antitriplet representations of SUð3Þ. At present,
almost all of the ground-state heavy baryons have been
observed in experiments. According to the quark model
predictions, in addition to the ground states, the existence of
their excited states is also expected. So far, only a few excited
baryons have been observed in the bottom sector [2–6].
Detailed studies of the experimentally discovered states and
searches for new, yet-to-be-observed states can play a critical
role in our understanding of the internal structures of these
states and give essential information about the dynamics of
QCD in the nonperturbative domain.
Very recently, the LHCbCollaboration announced the first

observation of two resonances Σbð6097Þ− and Σbð6097Þþ
with masses mðΣbð6097Þ−Þ ¼ 6098.0� 1.7� 0.5 and
mðΣbð6097ÞþÞ¼6095.8�1.7�0.4MeV [7]. The widths
of these states were alsomeasured asΓðΣbð6097Þ−Þ¼28.9�

4.2�0.9 and ΓðΣbð6097ÞþÞ ¼ 31.0� 5.5� 0.7 MeV.
Following the discovery of these states, the determination
of their quantum numbers remains a central problem. To
understand the structure of Σbð6097Þ, the authors of Ref. [8]
performed mass and strong decay analyses within a quasi-
two-body treatment. As a result of this study, Σbð6097Þ was
concluded to be a bottom baryon candidate with JP ¼ 3

2
− or

JP ¼ 5
2
−. In another study, the constituent quark model was

applied to investigate Σbð6097Þ. The authors concluded that
this state is a P-wave baryon with the quantum numbers
JP ¼ 3

2
− or JP ¼ 5

2
− [9]. Another prediction for the quantum

numbers of the observed Σbð6097Þ− and Σbð6097Þþ states
was presented in Ref. [10] via the quark-pair creationmodel,
which again indicated the possibility of either JP ¼ 3

2
−

or JP ¼ 5
2
−.

In the present study, the properties of these baryons are
studied in the framework of the QCD sum-rule method
[11]. In our calculations, the observed states are considered
as 1P or 2S excited states with J ¼ 1

2
or J ¼ 3

2
. We analyze

the Σ�
b → Λbπ

� decays and compare the values of the
obtained decay widths with the experimental results, which
allows us to determine the quantum numbers of the
Σbð6097Þ� states. To calculate the decay widths the main
ingredients are the coupling constants corresponding to the
considered transitions. To calculate these coupling con-
stants we use the light-cone QCD sum rules (LCSR)
method [12]. In this work, we also calculate the masses
and decay constants of the states under consideration by
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taking into account all possibilities, i.e., assuming that these
states are 1P or 2S excited states of the ground state Σb and
Σ�
b baryons with J ¼ 1

2
or J ¼ 3

2
. The obtained masses and

decay constants are used as inputs in the numerical
computations of the strong coupling constants of the related
decays. Similar coupling constants for the ground-state
baryons with a single heavy quark with J ¼ 1

2
and J ¼ 3

2

have been calculated in Refs. [13–16].
The paper is organized as follows. In Sec. II, the strong

decays Σbð6097Þ� → Λ0
bπ

� are studied within the LCSR
method [12] by taking into account the possible configu-
rations assigned to the Σbð6097Þ� states. In this section, we
also formulate the sum rules for the masses and decay
constants of Σbð6097Þ� with J ¼ 1

2
or J ¼ 3

2
. The numerical

results of the masses and decay constants are used as input
parameters in the analyses of the strong coupling constants
defining the above strong decay channels. The numerical
results of the strong coupling constants are also used to
obtain the numerical values of the decay widths of the
transitions under consideration. The last section contains
our concluding remarks. The details of the calculations of
the spectral densities are given in the Appendix.

II. ANALYSIS OF THE ΣbΛbπ VERTEX
VIA LIGHT-CONE QCD SUM RULES

In this section, we analyze the strong transitions of the
Σbð6097Þ� states to the Λ0

b and π� particles. As we have
already noted, our primary goal is to determine the
quantum numbers of the recently observed Σbð6097Þ�
baryons. To this end, we assume that these states are 1P
or 2S excitations of the corresponding ground-state baryons
with J ¼ 1

2
or J ¼ 3

2
. We calculate the widths of these

baryons under these assumptions and compare our results
with the experimental data.
Each decay is characterized by its own strong coupling

constant. Therefore, in the first step, we calculate the
corresponding coupling constant defining the strong Σb →
Λbπ transition for each case within the LCSR. For the
ground-state Σb and Σ�

b particles, these strong coupling
constants are defined as

hπðqÞΛbðp;sÞjΣbðp0;s0Þi¼ gΣbΛbπūðp;sÞγ5uðp0;s0Þ;
hπðqÞΛbðp;sÞjΣ�

bðp0;s0Þi¼ gΣ�
bΛbπūðp;sÞuμðp0;s0Þqμ: ð1Þ

For their corresponding 1P and 2S excitations, similar
definitions as in Eq. (1) are used with the following
replacements.
a) For the 1P excitations: gΣbΛbπ → gΣb1Λbπ , gΣ�

bΛbπ →
gΣ�

b1Λbπ , uðp0; s0Þ → γ5uðp0; s0Þ, uμðp0; s0Þ → γ5uμðp0; s0Þ,
jΣbðp0;s0Þi→ jΣb1ðp0;s0Þi, and jΣ�

bðp0; s0Þi → jΣ�
b1ðp0; s0Þi,

b) For the 2S excitations: gΣbΛbπ→gΣb2Λbπ , gΣ�
bΛbπ →

gΣ�
b2Λbπ , jΣbðp0;s0Þi→ jΣb2ðp0;s0Þi, and jΣ�

bðp0;s0Þi→
jΣ�

b2ðp0;s0Þi.

In this section and in all of the following discussions, the
ground state and its 1P and 2S excitations are denoted
by ΣbðΣ�

bÞ, Σb1ðΣ�
b1Þ, and Σb2ðΣ�

b2Þ for the corresponding
J ¼ 1

2
ð3
2
Þ baryons, respectively. Here, uðq; sÞ and uμðq; sÞ

are spinors corresponding to the J ¼ 1
2
and J ¼ 3

2
states,

respectively.
To determine the aforementioned coupling constants

from the LCSR, we introduce the following vacuum into
the pseudoscalar meson correlation function:

ΠðμÞðqÞ¼ i
Z

d4xeiq·xhπðqÞjT fηΛb
ðxÞη̄Σð�Þ

b ðμÞð0Þgj0i; ð2Þ

where the on-shell π-meson state is represented by hπðqÞj
with momentum q, ηΣð�Þ

b ðμÞ is used to represent the inter-

polating current of Σ�
b ðΣ��

b Þ, and ηΛb
is the interpolating

current for the Λb baryon with J ¼ 1
2
. The interpolating

fields for the J ¼ 1
2
particles are given as

ηΛb
¼ 1ffiffiffi

6
p ϵabcf2ðuTaCdbÞγ5bc þ 2βðuTaCγ5dbÞbc
þ ðuTaCbbÞγ5dc þ βðuTaCγ5bbÞdc þ ðbTaCdbÞγ5uc
þ βðbTaCγ5dbÞucg; ð3Þ

and

ηΣb
¼ 1ffiffiffi

2
p ϵabcfðqTaCbbÞγ5qc þ βðqTaCγ5bbÞqc
− ðbTaCqbÞγ5qc − βðbTaCγ5qbÞqcg: ð4Þ

For the states with J ¼ 3
2
, we have

ηΣ�
bμ
¼

ffiffiffi
1

3

r
ϵabcfðqTaCγμqbÞbcþðqTaCγμbbÞqc

þðbTaCγμqbÞqcg: ð5Þ

In the above equations, q is the uðdÞ quark field for

Σð�Þþ
b ðΣð�Þ−

b Þ. The indices a, b, and c represent the colors, C
is the charge-conjugation operator, and β is an arbitrary
mixing parameter. This mixing parameter is introduced to
include all of the possible quark configurations in the
interpolating currents considering the quantum numbers of
the particles under consideration in order to write the
possible general forms of the interpolating currents for
the particles with J ¼ 1

2
. The case β ¼ −1 corresponds to

the Ioffe current.
To obtain the sum rules for the strong coupling constants

we start with the standard procedure of QCD sum rules
derivations. To obtain the physical or phenomenological
sides of the desired sum rules, we insert complete sets of the
ΣbðΣ�

bÞ and Λb baryons into the correlation function. As a
result, we get
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ΠPhys
ðμÞ ðp; qÞ ¼ h0jηΛb

jΛbðp; sÞi
p2 −m2

Λb

hπðqÞΛbðp; sÞjΣð�Þ
b ðp0; s0Þi

hΣð�Þ
b ðp0; s0Þjη̄Σð�Þ

b ðμÞj0i
p02 −mð�Þ2

þ h0jηΛb
jΛbðp; sÞi

p2 −m2
Λb

hπðqÞΛbðp; sÞjΣð�Þ
b1 ðp0; s0Þi

hΣð�Þ
b1 ðp0; s0Þjη̄Σð�Þ

b ðμÞj0i
p02 −m1

ð�Þ2 þ � � � ; ð6Þ

ΠPhys
ðμÞ ðp; qÞ ¼ h0jηΛb

jΛbðp; sÞi
p2 −m2

Λb

hπðqÞΛbðp; sÞjΣð�Þ
b ðp0; s0Þi

hΣð�Þ
b ðp0; s0Þjη̄Σð�Þ

b ðμÞj0i
p02 −mð�Þ2

þ h0jηΛb
jΛbðp; sÞi

p2 −m2
Λb

hπðqÞΛbðp; sÞjΣð�Þ
b2 ðp0; s0Þi

hΣð�Þ
b2 ðp0; s0Þjη̄Σð�Þ

b ðμÞj0i
p02 −mð�Þ2

2

þ � � � ; ð7Þ

where p is the momentum of the baryonΛb and p0 ¼ pþ q

is the momentum of the considered Σð�Þ
b and Σð�Þ

bi initial
states, with i ¼ 1 or 2 indicating the 1P or 2S excited state.
The dots at the ends of the equations are used to represent
the contributions of the higher states and the continuum. It
is well known that the physical (hadronic) side of the
correlation function is complicated by the appearance of
contributions from the baryonic states of both positive and
negative parities. Constructing QCD sum rules for physical
quantities free of the interference of unwanted (opposite)
parity partners is of great importance (see Ref. [17] for
more details). In our case, the hadronic side of the
correlation function contains contributions from 1S, 1P
and 2S states at the same time. However, it is impossible to
analytically solve the resultant coupled equations and
separate different the contributions from each other when
three resonances are involved. For this reason, in this work
we use the ansatz that the hadronic side contains contri-
butions from either 1Sþ 1P or 1Sþ 2S states. In this way,
we assume that the observed states Σbð6097Þ� are either 1P
or 2S excitations of the corresponding ground-state baryons
with J ¼ 1

2
or J ¼ 3

2
. Then we separate the corresponding

contributions of each state in each case. Naturally, such an
assumption brings some systematic uncertainties. However,
in order to estimate the order of the systematic uncertainties
due to this assumption it is also necessary to simultaneously

take into account the contributions from the 1P and 2S
states. In this case, we need to numerically solve the
resultant three coupled equations. An analysis of this
scenario lies beyond the scope of this work, and we plan
on discussing this point separately in the future.
We use thematrix elements given byEq. (1) inEqs. (6) and

(7), together with the following matrix elements defined in
terms of the decay constants, λð�Þ, λð�Þ1 , λð�Þ2 , and λΛb

:

h0jηΣb
jΣbðp0; sÞi ¼ λuðp0; sÞ;

h0jηΣb
jΣb1ðp0; sÞi ¼ λ1γ5uðp0; sÞ;

h0jηΣb
jΣb2ðp0; sÞi ¼ λ2uðp0; sÞ;

h0jηΛb
jΛbðp; sÞi ¼ λΛb

uðp; sÞ ð8Þ
for the J ¼ 1

2
states and

h0jηΣ�
bμ
jΣ�

bðp0; sÞi ¼ λ�uμðp0; sÞ;
h0jηΣ�

bμ
jΣ�

b1ðp0; sÞi ¼ λ�1γ5uμðp0; sÞ;
h0jηΣ�

bμ
jΣ�

b2ðp0; sÞi ¼ λ�2uμðp0; sÞ ð9Þ
for the J ¼ 3

2
states. We perform the summations over spins

using X
s

uðk; sÞūðk; sÞ ¼ ð=kþmÞ; ð10Þ

X
s

uμðk; sÞūνðk; sÞ ¼ −ð=kþmÞ
�
gμν −

1

3
γμγν −

2kμkν
3m2

þ kμγν − kνγμ
3m

�
; ð11Þ

and thus we obtain

ΠPhysðp;qÞ¼ gΣbΛbπλΛb
λ

ðp2−m2
Λb
Þðp02−m2Þðqpγ5þðm−mΛb

Þpγ5Þþ
gΣb1ΛbπλΛb

λ1
ðp2−m2

Λb
Þðp02−m2

1Þ
ðqpγ5− ðm1þmΛb

Þpγ5Þþ �� � ; ð12Þ

ΠPhysðp;qÞ¼ gΣbΛbπλΛb
λ

ðp2−m2
Λb
Þðp02−m2Þðqpγ5þðm−mΛb

Þpγ5Þþ
gΣb2ΛbπλΛb

λ2
ðp2−m2

Λb
Þðp02−m2

2Þ
ðqpγ5þðm2−mΛb

Þpγ5Þþ �� � ; ð13Þ
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ΠPhys
μ ðp; qÞ ¼ −

gΣ�
bΛbπλΛb

λ

ðp2 −m2
Λb
Þðp02 −m�2Þ

�ðm2
Λb

þ 2mΛb
m� þm�2 −m2

πÞ
6m� qpγμ þ

ðm2
Λb

−mΛb
m� þm�2 −m2

πÞmΛb

3m�2 qqμ

�

þ gΣ�
b1ΛbπλΛb

λ�1
ðp2 −m2

Λb
Þðp02 −m�

1
2Þ
�ðm2

Λb
− 2mΛb

m�
1 þm�

1
2 −m2

πÞ
6m�

1

qpγμ −
ðm2

Λb
þmΛb

m�
1 þm�

1
2 −m2

πÞmΛb

3m�
1
2

qqμ

�

þ � � � ; ð14Þ

ΠPhys
μ ðp; qÞ ¼ −

gΣ�
bΛbπλΛb

λ

ðp2 −m2
Λb
Þðp02 −m�2Þ

�ðm2
Λb

þ 2mΛb
m� þm�2 −m2

πÞ
6m� qpγμ þ

ðm2
Λb

−mΛb
m� þm�2 −m2

πÞmΛb

3m�2 qqμ

�

−
gΣ�

b2ΛbπλΛb
λ�2

ðp2 −m2
Λb
Þðp02 −m�

2
2Þ
�ðm2

Λb
þ 2mΛb

m�
2 þm�

2
2 −m2

πÞ
6m�

2

qpγμ þ
ðm2

Λb
−mΛb

m�
2 þm�

2
2 −m2

πÞmΛb

3m�
2
2

qqμ

�

þ � � � ; ð15Þ

where we only keep the terms that we use in the analyses and the dots in all of the final results represent contributions coming
from other structures as well as the higher states and the continuum. By performing a double Borel transformationwith respect
to −p2 and −p02 we suppress the contributions of the higher states and the continuum, and after this process Eqs. (12)–(15)
become

Π̃Physðp; qÞ ¼ gΣbΛbπλΛb
λe−m

2=M2
1e−m

2
Λb

=M2
2 ½qpγ5 þ ðm −mΛb

Þpγ5� þ gΣb1ΛbπλΛb
λ1e−m

2
1
=M2

1e−m
2
Λb

=M2
2

× ½qpγ5 − ðm1 þmΛb
Þpγ5� þ � � � ; ð16Þ

Π̃Physðp; qÞ ¼ gΣbΛbπλΛb
λe−m

2=M2
1e−m

2
Λb

=M2
2 ½qpγ5 þ ðm −mΛb

Þpγ5� þ gΣb2ΛbπλΛb
λ2e−m

2
2
=M2

1e−m
2
Λb

=M2
2

× ½qpγ5 þ ðm2 −mΛb
Þpγ5� þ � � � ; ð17Þ

Π̃Phys
μ ðp; qÞ ¼ −gΣ�

bΛbπλΛb
λ�e−m�2=M2

1e−m
2
Λb

=M2
2

�ðm2
Λb

þ 2mΛb
m� þm�2 −m2

πÞ
6m� qpγμ

þ ðm2
Λb

−mΛb
m� þm�2 −m2

πÞmΛb

3m�2 qqμ

�
þ gΣ�

b1ΛbπλΛb
λ�1e

−m�
1
2=M2

1e−m
2
Λb

=M2
2

×

�ðm2
Λb

− 2mΛb
m�

1 þm�
1
2 −m2

πÞ
6m�

1

qpγμ −
ðm2

Λb
þmΛb

m�
1 þm�

1
2 −m2

πÞmΛb

3m�
1
2

qqμ

�

þ � � � ; ð18Þ

Π̃Phys
μ ðp; qÞ ¼ −gΣ�

bΛbπλΛb
λ�e−m�2=M2

1e−m
2
Λb

=M2
2

�ðm2
Λb

þ 2mΛb
m� þm�2 −m2

πÞ
6m� qpγμ

þ ðm2
Λb

−mΛb
m� þm�2 −m2

πÞmΛb

3m�2 qqμ

�
− gΣ�

b2ΛbπλΛb
λ�2e

−m�
2
2=M2

1e−m
2
Λb

=M2
2

×
�ðm2

Λb
þ 2mΛb

m�
2 þm�

2
2 −m2

πÞ
6m�

2

qpγμ þ
ðm2

Λb
−mΛb

m�
2 þm�

2
2 −m2

πÞmΛb

3m�
2
2

qqμ

�

þ � � � ; ð19Þ

whereM2
1 andM

2
2 are the corresponding Borel parameters to be fixed later. In the above equations, the notation Π̃Phys

ðμÞ ðp; qÞ is
used to show the Borel-transformed form ofΠPhys

ðμÞ ðp; qÞ, and we use q2 ¼ m2
π . To get the sum rules for the coupling constants,

we choose=qpγ5 andpγ5 from the presented Lorentz structures for the J ¼ 1
2
scenarios. The structures considered for the J ¼ 3

2

scenarios are =qpγμ and =qqμ. For the J ¼ 3
2
scenarios, the selected structures are free of the undesired spin-1

2
contribution.

Besides the physical sides of the calculations we need the theoretical or QCD sides of the desired sum rules obtained from
the correlation function (2) via the operator product expansion (OPE). To this end, the explicit forms of the interpolating
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currents are placed in the correlator and possible contrac-
tions are made between the quark fields using Wick’s
theorem. As a result of these contractions, we obtain our
results in terms of the heavy- and light-quark propagators.
There also appear terms containing the matrix elements
of the quark-gluon field operators between vacuum
and π-meson states having the common form
hπðqÞjq̄ðxÞΓGμνqðyÞj0i or hπðqÞjq̄ðxÞΓqðyÞj0i. Their
explicit expressions are given in terms of the π-meson
distribution amplitudes (DAs) (see Refs. [18–20]). Γ and
Gμν denote the full set of Dirac matrices and the gluon field-
strength tensor, respectively. Using these matrix elements,

one gets the nonperturbative parts contributing to the results
in coordinate space. We then carry out the calculations in
momentum space and apply a double Borel transformation
over the samevariables as the physical sides. After applying
the continuum subtraction procedure, the coefficients of
same Lorentz structures as in the physical sides are
considered, and the matching of these coefficients from
both sides leads to the QCD sum rules for the strong
coupling constants under question. Representing the Borel-

transformed results of the QCD sides with Π̃ð�ÞOPE
1 and

Π̃ð�ÞOPE
2 , we can depict the above-mentioned matches as

follows:

gΣbΛbπλΛb
λe

−m2

M2
1e

−
mΛb
M2
2 þ gΣb1ΛbπλΛb

λ1e
−

m2
1

M2
1e

−
mΛb
M2
2 ¼ Π̃OPE

1 ;

gΣΛbπλΛb
λe

−m2

M2
1e

−
mΛb
M2
2 ðm −mΛb

Þ − gΣb1ΛbπλΛb
λ1e

−
m2
1

M2
1e

−
mΛb
M2
2 ðm1 þmΛb

Þ ¼ Π̃OPE
2 ; ð20Þ

gΣbΛbπλΛb
λe

−m2

M2
1e

−
mΛb
M2
2 þ gΣbΛbπλΛb

λ1e
−

m2
1

M2
1e

−
mΛb
M2
2 ¼ Π̃OPE

1 ;

gΣbΛbπλΛb
λe

−m2

M2
1e

−
mΛb
M2
2 ðm −mΛb

Þ þ gΣb2ΛbπλΛb
λ2e

−
m2
2

M2
1e

−
mΛb
M2
2 ðm2 −mΛb

Þ ¼ Π̃OPE
2 ; ð21Þ

− gΣ�
bΛbπλΛb

λ�
½ðm� þmΛb

Þ2 −m2
π�

6m� e
−m�2

M2
1 e

−
mΛb
M2
2 þ gΣ�

b1ΛbπλΛb
λ�1

½m�
1 −mΛb

Þ2 −m2
π�

6m�
1

e
−
m�
1
2

M2
1 e

−
mΛb
M2
2 ¼ Π̃�

1
OPE;

− gΣ�
bΛbπλΛb

λ�
½m�2 þm2

Λb
−m�mΛb

−m2
π�mΛb

3m�2 e
−m�2

M2
1 e

−
mΛb
M2
2 − gΣ�

b1ΛbπλΛb
λ�1

½m�
1
2 þm2

Λb
þm�

1mΛb
−m2

π�mΛb

3m�
1
2

× e
−
m�
1
2

M2
1 e

−
mΛb
M2
2 ¼ Π̃�

2
OPE; ð22Þ

− gΣ�
bΛbπλΛb

λ�
½ðm� þmΛb

Þ2 −m2
π�

6m� e
−m�2

M2
1 e

−
mΛb
M2
2 − gΣ�

b2ΛbπλΛb
λ�2

½ðm�
2 þmΛb

Þ2 −m2
π�

6m�
2

e
−
m�
2
2

M2
1 e

−
mΛb
M2
2 ¼ Π̃�

1
OPE;

− gΣ�
bΛbπλΛb

λ�
½m�2 þm2

Λb
−m�mΛb

−m2
π�mΛb

3m�2 e
−m�2

M2
1 e

−
mΛb
M2
2 − gΣ�

b2ΛbπλΛb
λ�2

½m�
2
2 þm2

Λb
−m�

2mΛb
−m2

π�mΛb

3m�
2
2

× e
−
m�
2
2

M2
1 e

−
mΛb
M2
2 ¼ Π̃�

2
OPE; ð23Þ

where Π̃OPE
1 ðΠ̃�

1
OPEÞ and Π̃OPE

2 ðΠ̃�
2
OPEÞ represent the Borel-transformed coefficients of the =qpγ5ð=qpγμÞ and pγ5ð=qqμÞ

structures for the J ¼ 1
2
ð3
2
Þ cases. The procedures for calculating these functions and their expressions are very lengthy.

Hence, in the Appendix we briefly show how we calculated these functions and give only the explicit form of the Π̃�OPE
1

function for the Σbð6097Þþ → Λ0
bπ

þ transition as an illustration.
The QCD sum rules for the coupling constants are obtained from the numerical solutions of the pairs of equations given

in Eqs. (20) and (21) for the J ¼ 1
2
scenarios and in Eqs. (22) and (23) for the J ¼ 3

2
scenarios.

Calculating the coupling constants requires some input parameters, presented in Table I. Since the masses of the
considered baryons are close to each other, we choose

M2
1 ¼ M2

2 ¼ 2M2 obtained from M2 ¼ M2
1M

2
2

M2
1 þM2

2

: ð24Þ

As is seen from Eqs. (20)–(23), in order to analyze the coupling constants we also need the masses and decay constants of
the baryons. To obtain the masses and decay constants we consider the following correlation function:
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TðμνÞðqÞ ¼ i
Z

d4xeiq·xh0jT fηΣð�Þ
b ðμÞðxÞη̄Σð�Þ

b ðνÞð0Þgj0i;

ð25Þ

where the current ηΣð�Þ
b ðμÞ corresponds to the considered J ¼

1
2
ð3
2
Þ state, composed of the quark fields with the related

quantum numbers. The subindex Σb is used to represent one
of the states: Σ�

b with spin 1
2
or Σ��

b with J ¼ 3
2
. To determine

the masses of the Σð�Þ
b states, we again consider two

assumptions for each of the above-mentioned baryons,
and four different QCD sum rules are obtained. For this
purpose, the interpolating currents given in Eqs. (4) and (5)
are used.
In the two-point QCD sum rule method for mass, one

uses two methods to calculate the corresponding correlator.
The first one includes the calculation of the correlator in
terms of the hadronic degrees of freedom, and therefore it is
called the physical or phenomenological side. For this
purpose, the interpolating fields are treated as the operators
creating or annihilating the states under consideration.
Insertion of complete sets of hadronic states having the
same quantum numbers of the hadrons under question
results in

TPhys
ðμνÞ ðqÞ¼

h0jηΣð�Þ
b ðμÞjΣ

ð�Þ
b ðq;sÞihΣð�Þ

b ðq;sÞjη̄Σð�Þ
b ðνÞj0i

mð�Þ2−q2

þ
h0jηΣð�Þ

b ðμÞjΣ
ð�Þ
b1 ðq;sÞihΣð�Þ

b1 ðq;sÞjη̄Σð�Þ
b ðνÞj0i

mð�Þ
1

2−q2
þ��� ;

ð26Þ
and

TPhys
ðμνÞ ðqÞ¼

h0jηΣð�Þ
b ðμÞjΣ

ð�Þ
b ðq;sÞihΣð�Þ

b ðq;sÞjη̄Σð�Þ
b ðνÞj0i

mð�Þ2−q2

þ
h0jηΣð�Þ

b ðμÞjΣ
ð�Þ
b2 ðq;sÞihΣð�Þ

b2 ðq;sÞjη̄Σð�Þ
b ðνÞj0i

mð�Þ
2

2−q2
þ��� ;

ð27Þ
where Eqs. (26) and (27) are obtained for the 1P and 2S

excitation scenarios, respectively, and mð�Þ, mð�Þ
1 , and mð�Þ

2

are the masses of the 1S, 1P, and 2S excited states of each

considered Σð�Þ
b baryon whose one-particle states are

represented by jΣð�Þ
b i, jΣð�Þ

b1 i, and jΣð�Þ
b2 i, respectively. The

dots represent contributions of the higher states and the
continuum. As can be seen from the above equations, these
calculations also require the matrix elements given in
Eqs. (8) and (9). In these calculations, the ground state
and its 1P and 2S excitations are again denoted by ΣbðΣ�

bÞ,
Σb1ðΣ�

b1Þ, and Σb2ðΣ�
b2Þ for the corresponding J ¼ 1

2
ð3
2
Þ

baryons, respectively, and λðλ�Þ, λ1ðλ�1Þ, and λ2ðλ�2Þ are their
corresponding decay constants. After using the expressions
for the matrix elements and the summation relations for
spinors uðq; sÞ and uμðq; sÞ given in Eqs (10) and (11), the
physical sides for the J ¼ 1

2
cases are obtained as

TPhysðqÞ ¼ λ2ðqþmÞ
m2 − q2

þ λ1
2ðq −m1Þ
m2

1 − q2
þ � � � ; ð28Þ

and

TPhysðqÞ ¼ λ2ðqþmÞ
m2 − q2

þ λ22ðqþm2Þ
m2

2 − q2
þ � � � ð29Þ

Similar steps give the results for the J ¼ 3
2
cases as

TPhys
μν ðqÞ¼−

λ�2

q2−m�2 ðqþm�Þ
�
gμν−

1

3
γμγν−

2qμqν
3m�2 þ

qμγν−qνγμ
3m�

�

−
λ�1

2

q2−m�
1
2
ðq−m�

1Þ
�
gμν−

1

3
γμγν−

2qμqν
3m�

1
2
þqμγν−qνγμ

3m�
1

�
þ��� ; ð30Þ

and

TPhys
μν ðqÞ ¼ −

λ�2

q2 −m�2 ðqþm�Þ
�
gμν −

1

3
γμγν −

2qμqν
3m�2 þ qμγν − qνγμ

3m�

�

−
λ22

q2 −m�
2
2
ðqþm�

2Þ
�
gμν −

1

3
γμγν −

2qμqν
3m�

2
2
þ qμγν − qνγμ

3m�
2

�
þ � � � ð31Þ

TABLE I. Some input parameters used in the calculations of the
coupling constants and the masses.

Parameters Values

mΣþ
b

5811.31.9 MeV [21]

mΣ−
b

5815.5� 1.8 MeV [21]

mΣ�
b
þ 5832.1� 1.9 MeV [21]

mΣ�
b
− 5835.1� 1.9 MeV [21]

mb 4.18þ0.04
−0.03 GeV [21]

md 4.7þ0.5
−0.3 MeV [21]

λΛb ð3.85� 0.56Þ × 10−2 GeV3 [16]

hq̄qið1 GeVÞ ð−0.24� 0.01Þ3 GeV3 [22]

hs̄si 0.8hq̄qi [22]
m2

0 ð0.8� 0.1Þ GeV2 [22]

hg2sG2i 4π2ð0.012� 0.004Þ GeV4 [23]
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As already mentioned, we need to use a second method
to calculate the same correlation function, Eq. (25), which
proceeds in terms of the quark and gluon degrees of
freedom. For this side of the calculation, we exploit the
explicit expressions of the interpolating currents and OPE.
After making the possible contractions between the quark
fields, the results turn into expressions containing heavy-
and light-quark propagators. To obtain the final results, the
expressions of these quark propagators are used and a
Fourier transformation from coordinate space to momen-
tum space is performed to obtain the final form of the QCD
sides. The results of this side are very lengthy; therefore, we
will not give them here explicitly.
The calculations of the physical and QCD sides are

followed by the application of a Borel transformation to
both sides, which suppresses the contributions coming
from the higher states and the continuum. Finally, the
QCD sum rules are obtained by matching the coefficients of
the same Lorentz structures from both sides. In the present
work, the mentioned structures are =q and I for the J ¼ 1

2

cases and =qgμν and gμν for the J ¼ 3
2
cases. While choosing

the structures for the J ¼ 3
2
states, among the various

possibilities, the structures =qgμν and gμν are considered
since the others contain undesired contributions from the
J ¼ 1

2
states as well. After applying continuum subtraction,

the obtained equation pairs are solved numerically for each
state under consideration. These equations are given as

λ2e−
m2

M2 þ λ21ðλ22Þe−
m2
1
ðm2

2
Þ

M2 ¼ T̃OPE
1 ;

mλ2e−
m2

M2 ∓ m1ðm2Þλ21ðλ22Þe−
m2
1
ðm2

2
Þ

M2 ¼ T̃OPE
2 : ð32Þ

In the second term of the second equation, we use the − and
þ signs to represent the results for the 1P excitation (Σb1)
and 2S excitation (Σb2), respectively. To represent the
expressions obtained in the QCD side of the calculations,
we use T̃OPE

i with i ¼ 1, 2, which are the coefficients of the
structures =q and I for the J ¼ 1

2
cases. To obtain the results

corresponding to the J ¼ 3
2
cases, it suffices to make the

changes λ1 → λ�1, λ2 → λ�2, m1 → m�
1, m2 → m�

2, and
T̃OPE
i → T̃�OPE

i , where T̃�OPE
i is used to represent the

coefficients obtained from =qgμν and gμν in the QCD side.
In the numerical analyses of the obtained results, we

need some input parameters, which are presented in Table I.
The other ingredients of the sum rules are the three
auxiliary parameters present in the results, namely, the
Borel parameter M2, the threshold parameter s0, and an
arbitrary parameter β. Note that the parameter β belongs to
the currents of the states with J ¼ 1

2
. Their working regions

are fixed via following some criteria of the QCD sum rule
formalism. To decide on the relevant region for the Borel
parameter, the convergence of the OPE calculation is
considered. To satisfy this requirement, we demand a

dominant perturbative contribution compared to the non-
perturbative ones which helps us determine the lower limit
of the Borel parameter. As for its upper limit, the criterion is
pole dominance. Specifically, for the upper band of the
Borel window we require that

T̃ð�ÞOPE
i ðM2; s0; βÞ

T̃ð�ÞOPE
i ðM2;∞; βÞ

≥
1

2
; ð33Þ

while for the lower band we require that the perturbative
part in each case exceeds the total nonperturbative con-
tributions and that the series of the corresponding OPE
converge. From our analyses, we get the following working
interval:

5 GeV2 ≤ M2 ≤ 8 GeV2: ð34Þ

On the other hand, the threshold parameter s0 is related to
the energy of the first excited state of the considered state.
Due to the lack of information about these excited states,
this parameter is also determined by using the pole-
dominance condition, and we obtain

43 GeV2 ≤ s0 ≤ 47 GeV2: ð35Þ

The parameter β is determined from the analyses of the
results searching for the region giving the least possible
variation with respect to this parameter. This region is
acquired via a parametric plot depicting the dependency of
the result on cos θ, where β ¼ tan θ. As an example, in
Fig. 1 we plot the dependence of the residue of the Σþ

b ð12−Þ
state on cos θ at average values of M2 and s0. From this
figure and the analyses of the obtained sum rules, the
working region for cos θ is obtained as

−1.0 ≤ cos θ ≤ −0.3 and 0.3 ≤ cos θ ≤ 1.0; ð36Þ

where the results have small dependencies on the mixing
parameter β. In order to see how the OPE sides of the mass

FIG. 1. The dependence of the residue of the Σþ
b ð12−Þ state on

cos θ at average values of M2 and s0.
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sum rules converge, as an example we show the depend-
ence of the OPE side of the mass sum rule for the J ¼ 3

2
case

and the structure =qgμν on M2 at average values of s0 and
cos θ in Fig. 2. As is seen from this figure, the perturbative
part constitutes the main contribution and the correspond-
ing OPE series demonstrate a good convergence.
Given the working intervals of the auxiliary parameters

and those given in Table I, the obtained masses and decay
constants are presented in Table II. To extract the masses of
the considered excited states, the masses of corresponding
ground-state baryons are used as inputs. Note that the central
values presented in this table are obtained at averagevalues of
M2 and s0, i.e.,M2 ¼ 6.5 GeV2 and s0 ¼ 45 GeV2, as well
as average values of cos θ on both the positive and negative
sides. This table also contains the errors in the results coming
from uncertainties that exist in the input parameters and
uncertainties arising from the determination of the working
windows for the auxiliary parameters.
As seen from the table, although the masses are con-

sistent with the experimental values mΣbð6097Þ− ¼ 6098.0�
1.7� 0.5 MeV and mΣbð6097Þþ ¼ 6095.8� 1.7� 0.4 MeV

[7], their central values are too close to accurately predict
the quantum numbers of the observed Σbð6097Þ states.
Therefore, for this purpose it would be much more helpful
to resort to the results obtained for the decay widths. These
decay widths are obtained from the results of the strong
coupling constant calculations and the obtained mass and
decay constant values.
After obtaining the masses and decay constants, we turn

our attention again to the strong coupling constant calcu-
lations in which the values of the above spectroscopic
parameters are used as inputs. In the strong coupling
constant analyses we adopt the auxiliary parameters used
in the calculations of masses and decay constants with one
exception. The Borel parameter M2 in these calculations is
revisited, and, considering the OPE series convergence and
the pole dominance conditions, its interval for the strong
coupling constants is determined as

15 GeV2 ≤ M2 ≤ 25 GeV2: ð37Þ

The coupling constants obtained from the QCD sum rule
analyses are used to get the related decay widths for the 1P
and the 2S excitations of the considered states. To this end,
we use the decay width formulas for the J ¼ 1

2
cases, which

are

ΓðΣb1→ΛbπÞ¼
g2Σb1Λbπ

8πm2
1

½ðm1þmΛb
Þ2−m2

π�fðm1;mΛb
;mπÞ

ð38Þ

for the 1P excitations and

ΓðΣb2→ΛbπÞ¼
g2Σb2Λbπ

8πm2
2

½ðm2−mΛb
Þ2−m2

π�fðm2;mΛb
;mπÞ

ð39Þ

for the 2S excitations. For the J ¼ 3
2
cases the respective

decay-width equations are

FIG. 2. Various contributions to the OPE side of the mass sum rules for the J ¼ 3
2
case and the structure =qgμν onM2 at average values of

s0 and cos θ.

TABLE II. The results of the spectroscopic parameters obtained
for the 1P and 2S excitations of the ground-state Σþ

b and Σ−
b

baryons with J ¼ 1
2
and Σ�þ

b and Σ�−
b with JP ¼ 3

2
.

State Mass (MeV) Decay constant λðGeV3Þ
Σþ
b ð12−Þð1PÞ 6091þ197

−168 0.11þ0.03
−0.03

Σþ
b ð12þÞð2SÞ 6091þ197

−168 0.73þ0.02
−0.04

Σ−
b ð12−Þð1PÞ 6092þ197

−168 0.11þ0.06
−0.03

Σ−
b ð12þÞð2SÞ 6092þ197

−168 0.74þ0.04
−0.02

Σ�þ
b ð3

2
−Þð1PÞ 6093þ108

−123 0.068þ0.010
−0.011

Σ�þ
b ð3

2
þÞð2SÞ 6093þ108

−123 0.47þ0.06
−0.02

Σ�−
b ð3

2
−Þð1PÞ 6095þ107

−122 0.068þ0.010
−0.011

Σ�−
b ð3

2
þÞð2SÞ 6095þ107

−122 0.47þ0.04
−0.02
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ΓðΣ�
b1→ΛbπÞ¼

g2Σ�
b1Λbπ

24πm�
1
2
½ðm�

1−mΛb
Þ2−m2

π�f3ðm�
1;mΛb

;mπÞ

ð40Þ

and

ΓðΣ�
b2→ΛbπÞ¼

g2Σ�
b2Λbπ

24πm�
2
2
½ðm�

2þmΛb
Þ2−m2

π�f3ðm�
2;mΛb

;mπÞ:

ð41Þ

The function fðx; y; zÞ in the decay width equations is

fðx; y; zÞ ¼ 1

2x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x4 þ y4 þ z4 − 2x2y2 − 2x2z2 − 2y2z2

q
:

Table III presents the numerical results of the calcula-
tions for the coupling constants and decay widths. It can be
seen from the table that our width results obtained for
the scenario where Σbð6097Þ� are the 1P excitations of the
ground-state Σ��

b with JP ¼ 3
2
− are comparable to the

experimental values ΓΣbð6097Þ− ¼ 28.9� 4.2� 0.9 and

ΓΣbð6097Þþ ¼ 31.0� 5.5� 0.7 MeV [7]. Note that the main
uncertainties in the results for the couplings and masses
belong to the variations of the results with respect to the
variations of the continuum threshold s0 and the results
show small dependencies on other auxiliary parameters as
well as other input parameters. Figure 3 shows the
dependence of gΣ�þ

b ð3
2
−ÞΛbπ

on M2 (s0) at different fixed

values of s0 (M2) and at average values of cos θ. As is seen,
the main source of uncertainties is the variation of the
continuum threshold s0.
To end this section, we will compare our results for the

masses and widths with the predictions of other approaches.
Using the quasi-two-body method, Ref. [8] obtained 6094
and 6098 MeV for the masses of the Σð3=2−Þ and Σð5=2−Þ
states, respectively, indicating the possibility that the particle
Σbð6097Þ has either JP ¼ 3=2− or 5=2−. This result for the
mass of the Σð3=2−Þ state is consistent with our predictions.
In the same paper, the decay widths were also considered,
and for the channel with final states Λbπ they obtained 35.2
and 35.8 MeV for the Σð3=2−Þ and Σð5=2−Þ states, respec-
tively, supporting their conclusion obtained from the mass
calculations. The decay width to the same final state for the
strong decay of the P-waveΣb baryonwas also considered in
Ref. [9] using the chiral quark model, yielding 32.3 and
31.4 MeV for the JP ¼ 3=2− and 5=2− cases, respectively.
Another study supporting the idea that theΣbð6097Þ state has
either JP ¼ 3=2− or 5=2− calculated the decay widths to be
14.56 [14.19] MeV for the Σbð6097Þ− [Σbð6097Þþ] state for
both the JP ¼ 3=2− and 5=2− cases [10]. As is seen, the
results of Ref. [10] for the decay widths differ from our
predictions and the experimental data considerably.
However, the predictions of Refs. [8,9] are close to our
predictions as well as the experimental results. The advan-
tage of our predictions for the widths using the LCSR is that
by combining these predictions with the mass results we can
exactly assign the particles Σbð6097Þ� to be the 1P excita-
tions of the ground-state Σ��

b baryons with quantum num-
bers JP ¼ 3

2
−.

TABLE III. The results for the coupling constants and decay
widths obtained for 1P and 2S excitations of the ground-state Σþ

b
and Σb

− baryons with spin 1
2
and Σ�

b
þ and Σ�

b
− with spin 3

2
.

State BðJPÞ gΣbΛbπ Γ (MeV)

Σþ
b ð12−Þð1PÞ 1.4� 0.3 127.2� 36.9

Σþ
b ð12þÞð2SÞ 9.1� 2.0 7.7� 2.3

Σ−
b ð12−Þð1PÞ 1.2� 0.3 85.4� 23.1

Σ−
b ð12þÞð2SÞ 7.5� 1.7 5.4� 1.6

Σ�þ
b ð3

2
−Þð1PÞ 67.7� 14.9 27.5� 7.4

Σ�þ
b ð3

2
þÞð2SÞ 37.8� 8.3 5.7� 1.6

Σ�−
b ð3

2
−Þð1PÞ 67.7� 14.9 28.1� 7.6

Σ�−
b ð3

2
þÞð2SÞ 37.8� 8.3 5.8� 1.6

FIG. 3. The dependence of gΣ�þ
b ð3

2
−ÞΛbπ

on M2 (s0) at different fixed values of s0 (M2) and at average values of cos θ.

DETERMINATION OF THE QUANTUM NUMBERS OF … PHYS. REV. D 99, 094003 (2019)

094003-9



III. CONCLUSION

To investigate the properties of the recently observed
Σbð6097Þ� states, we calculated the strong coupling con-
stants for their transitions to Λ0

bπ
� states using the light-

cone QCD sum rules approach. We considered the two
possible cases J ¼ 1

2
and J ¼ 3

2
, and both 1P and 2S

excitations were taken into account. For each case, the
considered decays were studied, and from the obtained
strong coupling constants the related decay widths were
calculated. To calculate the strong coupling constants, the
mass and decay constant of each considered state for each
possible quantum number were required. To obtain these
quantities we employed the two-point QCD sum rules.
We obtained the mass values mΣþ

b ð12∶1Pð2SÞÞ ¼ 6091þ197
−168 ,

mΣ−
b ð12∶1Pð2SÞÞ ¼ 6092þ197

−168 , mΣ�þ
b ð3

2
∶1Pð2SÞÞ ¼ 6093þ108

−123 , and

mΣ�−
b ð3

2
∶1Pð2SÞÞ ¼ 6095þ107

−122 MeV. As is seen, the central

values obtained for the masses are consistent with the
experimentally observed masses mðΣbð6097Þ−Þ ¼
6098.0� 1.7� 0.5 and mðΣbð6097ÞþÞ ¼ 6095.8� 1.7�
0.4 MeV [7]. However, it is clear from these results that it is
not possible to draw a conclusion about the quantum
numbers of the states Σbð6097Þ�, as the central values
of the obtained results are close not only to the exper-
imental results but also to each other, and this does not
allow us to make a conclusive statement about the quantum
numbers. Therefore, using them as input quantities in the
calculations of the strong coupling constants, we obtained
the numerical values of the corresponding coupling con-
stants and subsequently the related decay widths, which

were the main focus of the present work. Our results for the
decay widths obtained for the JP ¼ 3

2
− states are ΓΣþ

b ð32−Þ ¼
27.5� 7.4 and ΓΣ−

b ð32−Þ ¼ 28.1� 7.6 MeV, which are in
accord with the observed widths of these states, i.e.,
ΓðΣbð6097Þ−Þ ¼ 28.9� 4.2� 0.9 and ΓðΣbð6097ÞþÞ ¼
31.0� 5.5� 0.7 MeV [7]. These results support the claim
that the states are the 1P excitations of the ground-state Σ��

b

with J ¼ 3
2
.
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APPENDIX: SOME DETAILS OF THE
CALCULATIONS OF THE SPECTRAL

DENSITIES FOR THE COUPLING CONSTANTS

Here we present some details of the calculations of the
spectral densities used in the analyses of the strong
coupling constants. After contracting the quark fields on
the QCD side, there appears an expression in terms of the
heavy- and light-quark propagators as well as the matrix
elements of the quark-gluon field operators between
vacuum and pseudoscalar meson states having the forms
hPSðqÞjq̄ðxÞΓGμνqðyÞj0i and hPSðqÞjq̄ðxÞΓqðyÞj0i. These
matrix elements are given in terms of the pseudoscalar
meson DAs (see Refs. [18–20]). For some details on the
calculations of the spectral densities in QCD, we also refer
the reader to Ref. [24].

For the light- and heavy-quark propagators we use

SqðxÞ ¼
i=x

2π2x4
−

mq

4π2x2
−
hq̄qi
12

�
1 − i

mq

4
=x

�
−

x2

192
m2

0hq̄qi
�
1 − i

mq

6
=x

�

− igs

Z
1

0

du

�
=x

16π2x2
GμνðuxÞσμν −

i
4π2x2

uxμGμνðuxÞγν − i
mq

32π2
GμνðuxÞσμν

�
ln

�
−x2Λ2

4

�
þ 2γE

��
ðA1Þ

and

SQðxÞ ¼
m2

Q

4π2
K1ðmQ

ffiffiffiffiffiffiffiffi
−x2

p
Þffiffiffiffiffiffiffiffi

−x2
p − i

m2
Q=x

4π2x2
K2ðmQ

ffiffiffiffiffiffiffiffi
−x2

p
Þ − igs

Z
d4k
ð2πÞ4 e

−ikx
Z

1

0

du

�
=kþmQ

2ðm2
Q − k2Þ2G

μνðuxÞσμν

þ u
m2

Q − k2
xμGμνðuxÞγν

�
; ðA2Þ

where γE is the Euler constant, Gμν is the gluon field-strength tensor, Λ is the scale parameter, and Kν in the heavy
propagator denotes the Bessel functions of the second kind.
After inserting the light- and heavy-quark propagators as well as the DAs of the pseudoscalar mesons, we get the

following generic term as an example for the leading twist (see also Ref. [15]):

T ¼
Z

d4xeipx
Z

1

0

du eiuqxfðuÞKνðmQ

ffiffiffiffiffiffiffiffi
−x2

p
Þ

ð
ffiffiffiffiffiffiffiffi
−x2

p
Þn

; ðA3Þ

ALIEV, AZIZI, SARAC, and SUNDU PHYS. REV. D 99, 094003 (2019)

094003-10



where fðuÞ denotes the leading DAs. We need to perform Fourier and Borel transformations as well as continuum
subtraction on this expression. To this end, we use the integral representation of the modified Bessel function as

KνðmQ

ffiffiffiffiffiffiffiffi
−x2

p
Þ ¼ Γðνþ 1=2Þ2νffiffiffi

π
p

mν
Q

Z
∞

0

dt cosðmQtÞ
ð

ffiffiffiffiffiffiffiffi
−x2

p
Þν

ðt2 − x2Þνþ1=2 ; ðA4Þ

which leads to

T ¼
Z

d4x
Z

1

0

du eiPxfðuÞΓðνþ 1=2Þ2νffiffiffi
π

p
mν

Q

Z
∞

0

dt cosðmQtÞ
1

ð
ffiffiffiffiffiffiffiffi
−x2

p
Þn−νðt2 − x2Þνþ1=2

; ðA5Þ

where P ¼ pþ uq. By transferring the calculations into Euclidean space and using the identity

1

Zn ¼
1

ΓðnÞ
Z

∞

0

dα αn−1e−αZ; ðA6Þ

we get

T ¼ −i2νffiffiffi
π

p
mν

QΓðn−ν2 Þ
Z

1

0

du fðuÞ
Z

∞

0

dt eimQt

Z
∞

0

dy y
n−ν
2
−1

Z
∞

0

dv vν−
1
2e−vt

2

Z
d4x̃e−iP̃ x̃−yx̃2−vx̃2 ; ðA7Þ

where the ∼ refers to the vectors in Euclidean space. After performing the resultant Gaussian integral over four-x̃,
we end up with

T ¼ −i2νπ2ffiffiffi
π

p
mν

QΓðn−ν2 Þ
Z

1

0

du fðuÞ
Z

∞

0

dt eimQt

Z
∞

0

dy y
n−ν
2
−1

Z
∞

0

dv vν−
1
2e−vt

2 e−
P̃2

4ðyþvÞ

ðyþ vÞ2 : ðA8Þ

The next step is to perform the integration over t, which leads to

T ¼ −i2νπ2

mν
QΓðn−ν2 Þ

Z
1

0

dufðuÞ
Z

∞

0

dy y
n−ν
2
−1

Z
∞

0

dv vν−1e−
m2
Q
4v

e−
P̃2

4ðyþvÞ

ðyþ vÞ2 : ðA9Þ

Let us define the following new variables:

λ ¼ vþ y; τ ¼ y
vþ y

: ðA10Þ

Applying this, we obtain

T ¼ −i2νπ2

mν
QΓðn−ν2 Þ

Z
1

0

dufðuÞ
Z

dλ
Z

dτ λ
nþν
2
−3τ

n−ν
2
−1ð1 − τÞν−1e−

m2
Q

4λð1−τÞe−
P̃2
4λ : ðA11Þ

Now, we perform a double Borel transformation with respect to p̃2 and ðp̃þ p̃Þ2 with the help of

BðM2Þe−αp2 ¼ δð1=M2−αÞ; ðA12Þ

which leads to

BðM2
1ÞBðM2

2ÞT¼ −i2νπ2

mν
QΓðn−ν2 Þ

Z
1

0

dufðuÞ
Z

dλ
Z

dτλ
nþν
2
−3τ

n−ν
2
−1ð1− τÞν−1e−

m2
Q

4λð1−τÞe−
uðu−1Þq̃2

4λ δ

�
1

M2
1

−
u
4λ

�
δ

�
1

M2
2

−
1−u
4λ

�
:

ðA13Þ

In this step the integrals over u and λ are performed. As a result, we get
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BðM2
1ÞBðM2

2ÞT ¼ −i2ν42π2

mν
QΓðn−ν2 Þ

Z
dτfðu0Þ

�
M2

4

�nþν
2

τ
n−ν
2
−1ð1 − τÞν−1e−

m2
Q

M2ð1−τÞe
q̃2

M2
1
þM2

2 ; ðA14Þ

where u0 ¼ M2
2

M2
1
þM2

2

and M2 ¼ M2
1
M2

2

M2
1
þM2

2

. By making the replacement τ ¼ x2, we obtain

BðM2
1ÞBðM2

2ÞT ¼ −i2νþ142π2

mν
QΓðn−ν2 Þ

Z
1

0

dxfðu0Þ
�
M2

4

�nþν
2

xn−ν−1ð1 − x2Þν−1e−
m2
Q

M2ð1−x2Þe
q̃2

M2
1
þM2

2 : ðA15Þ

The last step is to change the variable η ¼ 1
1−x2 and use q2 ¼ m2

P , which leads to

BðM2
1ÞBðM2

2ÞT ¼ −i2νþ142π2

mν
QΓðn−ν2 Þ fðu0Þ

�
M2

4

�nþν
2

e
−

m2
P

M2
1
þM2

2Ψ
�
α; β;

m2
Q

M2

�
; ðA16Þ

with

Ψ
�
α; β;

m2
Q

M2

�
¼ 1

ΓðαÞ
Z

∞

1

dηe−η
m2
Q

M2ηβ−α−1ðη − 1Þα−1; ðA17Þ

where α ¼ n−ν
2

and β ¼ 1 − ν.
At this stage, we discuss how the contributions of the higher states and the continuum are subtracted. We consider the

generic form

A ¼ ðM2Þnfðu0ÞΨ
�
α; β;

m2
Q

M2

�
: ðA18Þ

We are going to find the spectral density corresponding to this generic term. As a first step, we expand fðu0Þ as

fðu0Þ ¼ Σakuk0; ðA19Þ

which leads to

A ¼
�

M2
1M

2
2

M2
1 þM2

2

�
n
Σak

�
M2

2

M2
1 þM2

2

�
k 1

ΓðαÞ
Z

∞

1

dηe−η
m2
Q

M2ηβ−α−1ðη − 1Þα−1: ðA20Þ

Now we introduce the new variables σ1 ¼ 1
M2

1

and σ2 ¼ 1
M2

2

. As a result, we get

A ¼ Σak
σk1

ðσ1 þ σ2Þnþk

1

ΓðαÞ
Z

∞

1

dηe−ηm
2
Qðσ1þσ2Þηβ−α−1ðη − 1Þα−1

¼ Σak
σk1

Γðnþ kÞΓðαÞ
Z

∞

1

dηe−ηm
2
Qðσ1þσ2Þηβ−α−1ðη − 1Þα−1

Z
∞

0

dξe−ξðσ1þσ2Þξnþk−1

¼ Σak
σk1

Γðnþ kÞΓðαÞ
Z

∞

1

dηηβ−α−1ðη − 1Þα−1
Z

∞

0

dξξnþk−1e−ðξþηm2
QÞðσ1þσ2Þ

¼ Σak
ð−1Þk

Γðnþ kÞΓðαÞ
Z

∞

1

dηηβ−α−1ðη − 1Þα−1
Z

∞

0

dξξnþk−1
��

d
dξ

�
k
e−ðξþηm2

QÞσ1
�
e−ðξþηm2

QÞσ2 : ðA21Þ

By performing a double Borel transformation with respect to σ1 →
1
s1
and σ2 →

1
s2
, we obtain the following double spectral

density:

ρðs1;s2Þ¼Σak
ð−1Þk

ΓðnþkÞΓðαÞ
Z

∞

1

dηηβ−α−1ðη−1Þα−1
Z

∞

0

dξξnþk−1
��

d
dξ

�
k
δðs1− ðξþηm2

QÞÞ
�
δðs2− ðξþηm2

QÞÞ: ðA22Þ
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By performing the integral over ξ, we acquire the following expression for the double spectral density:

ρðs1; s2Þ ¼ Σak
ð−1Þk

Γðnþ kÞΓðαÞ
Z

∞

1

dηηβ−α−1ðη − 1Þα−1ðs1 − ηm2
QÞnþk−1

��
d
ds1

�
k
δðs2 − s1Þ

�
θðs1 − ηm2

QÞ; ðA23Þ

which can be written as

ρðs1; s2Þ ¼ Σak
ð−1Þk

Γðnþ kÞΓðαÞ
Z

s1=m2
Q

1

dηηβ−α−1ðη − 1Þα−1ðs1 − ηm2
QÞnþk−1

��
d
ds1

�
k
δðs2 − s1Þ

�
: ðA24Þ

With the use of this double spectral density, the continuum-subtracted correlation function in the Borel scheme
corresponding to the generic term under consideration is written as

Πsub ¼
Z

s0

m2
Q

ds1

Z
s0

m2
Q

ds2ρðs1; s2Þe−s1=M2
1e−s2=M

2
2 : ðA25Þ

Now we define the new variables s1 ¼ 2sv and s2 ¼ 2sð1 − vÞ. As a result, we obtain

Πsub ¼
Z

s0

m2
Q

ds
Z

dvρðs1; s2Þð4sÞe−2sv=M2
1e−2sð1−vÞ=M2

2 : ðA26Þ

Inserting the above expression for the spectral density, one can immediately get

Πsub ¼ Σak
ð−1Þk

Γðnþ kÞΓðαÞ
Z

s0

m2
Q

ds
Z

dv
1

2ksk

��
d
dv

�
k
δðv − 1=2Þ

�

×
Z

2sv=m2
Q

1

dη ηβ−α−1ðη − 1Þα−1ð2sv − ηm2
QÞnþk−1e−2sv=M

2
1e−2sð1−vÞ=M2

2 : ðA27Þ

Now we perform the integration over v, which leads to the final form

Πsub ¼ Σak
ð−1Þkð−1Þk
Γðnþ kÞΓðαÞ

Z
s0

m2
Q

ds
1

2ksk

×

��
d
dv

�
k
Z

2sv=m2
Q

1

dη ηβ−α−1ðη − 1Þα−1ð2sv − ηm2
QÞnþk−1e−2sv=M

2
1e−2sð1−vÞ=M2

2

�
v¼1=2

: ðA28Þ

Now we extend these calculations to all of the terms entering the expressions for the coupling constants under
consideration. As the calculations are very lengthy, as an example we only present our final result for the 3

2
case and the

Π̃�OPE
1 function defining the Σbð6097Þþ → Λ0

bπ
þ transition. For this function, we get

Π̃�OPE
1 ¼

Z
s0

m2
b

e−
s

M2−
m2
π

4M2ρ1ðsÞdsþ e−
m2
b

M2−
m2
π

4M2Γ1; ðA29Þ

where the expressions for ρ1ðsÞ and Γ1 are given as
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ρ1ðsÞ ¼
1

96
ffiffiffi
2

p
m2

bπ
2
½−ψ31m4

bμπζ4 þ ψ31m4
bμπβζ4 þ ψ20m4

bμπðβ − 1Þðζ4 − 2ζ5Þ

þ 2ψ31m4
bμπζ5 − 2ψ31m4

bμπβζ5 þ 12fπψ21m2
πm3

bζ7 þ 12fπψ21m2
πm3

bβζ7

þ 12fπψ21m2
πm2

bmuβζ7 − 6fπψ21m2
πm3

bζ1 − 6fπψ21m2
πm2

bmuζ1 − 6fπψ21m2
πm3

bβζ1

þ 3fπψ11m2
πm2

bmuβζ1 − 15fπψ12m2
πm2

bmuβζ1 − 12fπψ12m2
πmusβζ1 − 12fπψ21m2

πm3
bζ2

− 2fπψ11m2
πm2

bmuζ2 þ 10fπψ12m2
πm2

bmuζ2 − 8fπψ21m2
πm2

bmuζ2 þ 8fπψ12m2
πmusζ2

− 12fπψ21m2
πm3

bβζ2 − 4fπψ11m2
πm2

bmuβζ2 þ 20fπψ12m2
πm2

bmuβζ2

− 4fπψ21m2
πm2

bmuβζ2 þ 16fπψ12m2
πmusβζ2 þ 8fπψ21m2

πm2
bð2mb þmuÞð2þ βÞζ6

þ 2ψ10m2
bð2m2

bμπðζ4 þ 2βζ4 − ð2þ βÞζ5Þ þ fπm2
πmuð6βζ7 − 3ζ1 − 4ζ2 − 2βζ2 þ 4ð2þ βÞζ6Þ

þ fπm2
πmbð6ðβ þ βÞζ7 − 3ð1þ βÞðζ1 þ 2ζ2Þ þ 8ð2þ βÞζ6ÞÞ�

×

�
2ð−6βζ7 þ 18γEβζ7 þ 3ζ1 − 9γEζ1 − 3γEβζ1 þ 4ζ2 − 10γEζ2 þ 2βζ2 − 2γEβζ2

þ 4ð3γE − 1Þð2þ βÞζ6Þ − ð18βζ7 − 9ζ1 − 3βζ1 − 10ζ2 − 2βζ2

þ 12ð2þ βÞζ6Þ
�
ln

�
Λ2

m2
b

�
þ 2ln

�
M2

Λ2

���
þ 1

32
ffiffiffi
2

p
π2

fπm2
π½−2ψ10mbð1þ βÞ

þ ðψ20 þ ψ31Þðmb þmbβ −muβÞ þ 2mbð1þ βÞ�φπðu0Þ

þ 1

48
ffiffiffi
2

p
π2

ð−1þ μ̃2πÞmbμπ½2ðψ10 þ ψ21Þmuðβ − 1Þ þ ðψ20 þ ψ31Þmbβ�φσðu0Þ

þ hūui
6

ffiffiffi
2

p fπβφπðu0Þ þ
hg2G2i

288
ffiffiffi
2

p
m4

bπ
2
fπm2

πmuð−18βζ7 þ 9ζ1 þ 3βζ1 þ 10ζ2 þ 2βζ2

− 12ð2þ βÞζ6Þ
�
2 − ψ01 − ψ02 − 9ψ10 þ 6γEψ10 þ 3ψ21 þ ψ22 − 6ψ10 ln

�
M2

Λ2

�

þ 2ð1 − ψ03 þ 3ψ21 þ 2ψ22 þ ψ23Þ ln
�
s −m2

b

Λ2

��
þ hg2G2i
64

ffiffiffi
2

p
m6

bπ
2
5fπm2

πmuβAðu0Þ

×

�
−m2

b

�
6ð2γE − 3Þψ10 þ 6ψ21 þ 3ψ22 þ ψ23 − 4ψ−10 þ ψ−13 þ 3ψ−1−1 − 12ψ10ln

�
M2

Λ2

��

þ 12ðm2
b − sÞ ln

�
s −m2

b

Λ2

��
þ hg2G2i
576

ffiffiffi
2

p
m4

bπ
2
fπ

�
ð1 − 3ðψ10 þ ψ21ÞÞm3

b þ ðm2
bð−3ðψ10 þ ψ21Þmb

− 3ð−2ψ01 − 4ψ02 þ 3ψ03 − 37ψ10 þ 36γEψ10 þ ψ12 þ 3ψ13 þ 6ψ21 þ 2ψ22Þmu

þ ðmb þ 9ð−3þ 4γEÞmuÞÞ þ 15musÞβ þ 12muβ

�
−3ð1 − 3ψ10Þm2

b ln

�
M2

Λ2

�

þ ðð8þ ψ03 − 3ψ21 − 2ψ22 − ψ23Þm2
b − 6sÞ ln

�
s −m2

b

Λ2

���
φπðu0Þ

−
hg2G2i

48
ffiffiffi
2

p
m3

bπ
2
ðμ̃2π − 1Þmuμπðβ − 1Þ

�
2 − ψ01 − ψ02 − 9ψ10 þ 6γEψ10 þ 3ψ21 þ ψ22 − 6ψ10 ln

�
M2

Λ2

�

þ 2ð1 − ψ03 þ 3ψ21 þ 2ψ22 þ ψ23Þ ln
�
s −m2

b

Λ2

��
φσðu0Þ ðA30Þ

and
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Γ1¼−
hūui

432
ffiffiffi
2

p
M6

½−12M4ðmuM2μπðζ4þ2βζ4−ð2þβÞζ5Þþfπm2
πmbmuðβ−1Þζ2þfπm2

πM2ð−6βζ7þ3ζ1þ4ζ2

þ2βζ2−4ð2þβÞζ6ÞÞþm2
ombð2fπm2

πm2
bmuðβ−1Þζ2−2fπm2

πmuM2ðβ−1Þζ2þmbM2ð2muμπðζ4þ2βζ4

−ð2þβÞζ5Þþ3fπm2
πð−6βζ7þ3ζ1þ4ζ2þ2βζ2−4ð2þβÞζ6ÞÞ�þ

hūui
1728

ffiffiffi
2

p
M8

fπm2
π½36M4ð−2m2

bM
2β−2M4β

þm3
bmuð1þβÞÞþm2

ombð2muM4ðβ−1Þþ18m3
bM

2β−6m4
bmuð1þβÞþmbM4ð5þ4βÞ

þ2m2
bmuM2ð7þ5βÞÞ�Aðu0Þ−

hūui
432

ffiffiffi
2

p
M4

fπ½36mbmuM4ð1þβÞþm2
oð−2mbmuM2ðβ−1Þþ18m2

bM
2β−6m3

bmuð1þβÞ

þM4ð5þ22βÞÞ�φπðu0Þ−
hūui

432
ffiffiffi
2

p
M6

ðμ̃π−1Þð1þμ̃πÞμπ½−12M4ð−2mbM2ðβ−1Þþm2
bmuβþmuM2βÞ

þm2
om2

bð−6mbM2ðβ−1Þþ2m2
bmuβþmuM2ð2β−1ÞÞ�φσðu0Þþ

hg2G2i
3456

ffiffiffi
2

p
π2

�
1

M2
fπm2

πðmbð−6ð1þβÞζ7
þ3ð1þβÞζ1þ4ð2þβÞðζ2−2ζ6ÞÞþ2muð−18βζ7þ9ζ1þ3βζ1þ10ζ2þ2βζ2−12ð2þβÞζ6ÞÞ

þ 1

m2
b

ð−m2
bμπðζ4þ5βζ4−2ðζ5þ2βζ5ÞÞþ2fπm2

πmbð6ð1þβÞζ7−3ð1þβÞζ1−4ð2þβÞðζ2−2ζ6ÞÞ

þfπm2
πmuð−18βζ7þ9ζ1þ3βζ1þ10ζ2þ2βζ2−12ð2þβÞζ6ÞÞþ

1

M4
fπm2

πm2
bmu

�
2ð−6βζ7þ18γEβζ7

þ3ζ1−9γEζ1−3γEβζ1þ4ζ2−10γEζ2þ2βζ2−2γEβζ2þ4ð3γE−1Þð2þβÞζ6Þ−ð18βζ7−9ζ1−3βζ1
−10ζ2−2βζ2þ12ð2þβÞζ6Þ

�
ln

�
Λ2

m2
b

�
þ2ln

�
M2

Λ2

����
þ hg2G2i
2304

ffiffiffi
2

p
m2

bM
6π2

fπm2
πAðu0Þ

�
2ð3γE−1Þm6

bmuβ

−10m4
bmuM2β−9m2

bmuM4β−6muM6β−m3
bM

4ð1þβÞþ2mbM6ð1þβÞ−3m6
bmuβ

�
ln

�
Λ2

mqb2

�
þ2ln

�
M2

Λ2

���

þ hg2G2i
576

ffiffiffi
2

p
M2π2

fπmuβ

�
ð2−6γEÞm2

b−6ðγE−1ÞM2þ3ðm2
bþ2M2Þln

�
Λ2

m2
b

�
þ3ð2m2

bþ3M2Þln
�
M2

Λ2

��
φπðu0Þ

þ hg2G2i
1728

ffiffiffi
2

p
mbM4π2

ðμ̃2π−1Þμπ
�
2ð3γE−1Þm4

bmuðβ−1Þ−7m2
bmuM2ðβ−1Þ−muM4ðβ−1Þ−mbM4β

−3m4
bmuðβ−1Þ

�
ln

�
Λ2

m2
b

�
þ2ln

�
M2

Λ2

���
φσðu0Þþ

hg2G2ihūui
20736

ffiffiffi
2

p
M14

fπm2
πmb½−6M4ð−2m3

bM
2βþ4mbM4β

þm4
bmuð1þβÞ−6m2

bmuM2ð1þβÞþ6muM4ð1þβÞÞþm2
oð−3m5

bM
2βþ18m3

bM
4β−18mbM6β

þm6
bmuð1þβÞ−11m4

bmuM2ð1þβÞþ30m2
bmuM4ð1þβÞ−18muM6ð1þβÞÞ�Aðu0Þ−

hg2G2ihūui
5184

ffiffiffi
2

p
M10

fπmb½6M4ð2mbM2β

−m2
bmuð1þβÞþ3muM2ð1þβÞÞþm2

oð−3m3
bM

2βþ6mbM4βþm4
bmuð1þβÞ−6m2

bmuM2ð1þβÞ

þ6muM4ð1þβÞÞ�φπðu0Þþ
hg2G2ihūui
15552

ffiffiffi
2

p
M12

ðμ̃2π−1Þmbμπ½m2
oðm4

b−6m2
bM

2þ6M4Þð−3M2ðβ−1ÞþmbmuβÞ

−6M4ð2ðm2
b−3M2ÞM2þðm3

bmu−2mbðmbþmuÞM2þ6M4ÞβÞ�φσðu0Þ: ðA31Þ

In the above functions, ζj and ψnm are defined as

ζj ¼
Z

Dαi

Z
1

0

dvfjðαiÞδðkðαq þ vαgÞ − u0Þ;

ψnm ¼ ðs −mQ
2Þn

smðm2
QÞn−m

; ðA32Þ
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with the distribution amplitudes that are given as f1ðαiÞ ¼ VkðαiÞ, f2ðαiÞ ¼ V⊥ðαiÞ, f3ðαiÞ ¼ AkðαiÞ, f4ðαiÞ ¼ T ðαiÞ,
f5ðαiÞ ¼ vT ðαiÞ, f6ðαiÞ ¼ vV⊥ðαiÞ, f7ðαiÞ ¼ vAkðαiÞ, whose explicit forms can be found in Refs. [18–20]. As we

previously mentioned, u0 has the form u0 ¼ M2
1

M2
1
þM2

2

. Considering the similar masses of the initial and final baryons and

taking M2
1 ¼ M2

2, it becomes u0 ¼ 1
2
. In the above results, μπ ¼ fπ

m2
π

muþmd
, μ̃π ¼ muþmd

mπ
, and Dα ¼ dαq̄dαqdαgδð1 − αq̄ −

αq − αgÞ are used. The functions φπðuÞ, AðuÞ, BðuÞ, φPðuÞ, φσðuÞ, T ðαiÞ, A⊥ðαiÞ, AkðαiÞ, V⊥ðαiÞ, and VkðαiÞ are
functions of definite twists, which can also be found in Refs. [18–20]. They are given as

φπðuÞ ¼ 6uū

�
1þ aπ1C1ð2u − 1Þ þ aπ2C

3
2

2ð2u − 1Þ
�
;

T ðαiÞ ¼ 360η3αq̄αqα
2
g

�
1þ w3

1

2
ð7αg − 3Þ

�
;

φPðuÞ ¼ 1þ
�
30η3 −

5

2
μ2π

�
C

1
2

2ð2u − 1Þ

þ
�
−3η3w3 −

27

20
μ2π −

81

10
μ2πaπ2

�
C

1
2

4ð2u − 1Þ;

φσðuÞ ¼ 6uū

�
1þ

�
5η3 −

1

2
η3w3 −

7

20
μ2π −

3

5
μ2πaπ2

�
C

3
2

2ð2u − 1Þ
�
;

VkðαiÞ ¼ 120αqαq̄αgðv00 þ v10ð3αg − 1ÞÞ;
AkðαiÞ ¼ 120αqαq̄αgð0þ a10ðαq − αq̄ÞÞ;

V⊥ðαiÞ ¼ −30α2g
�
h00ð1 − αgÞ þ h01ðαgð1 − αgÞ − 6αqαq̄Þ þ h10

�
αgð1 − αgÞ −

3

2
ðα2q̄ þ α2qÞ

��
;

A⊥ðαiÞ ¼ 30α2gðαq̄ − αqÞ
�
h00 þ h01αg þ

1

2
h10ð5αg − 3Þ

�
;

BðuÞ ¼ gπðuÞ − ϕπðuÞ;
gπðuÞ ¼ g0C

1
2

0ð2u − 1Þ þ g2C
1
2

2ð2u − 1Þ þ g4C
1
2

4ð2u − 1Þ;

AðuÞ ¼ 6uū

�
16

15
þ 24

35
aπ2 þ 20η3 þ

20

9
η4 þ

�
−

1

15
þ 1

16
−

7

27
η3w3 −

10

27
η4

�
C

3
2

2ð2u − 1Þ

þ
�
−

11

210
aπ2 −

4

135
η3w3

�
C

3
2

4ð2u − 1Þ
�

þ
�
−
18

5
aπ2 þ 21η4w4

�
½2u3ð10 − 15uþ 6u2Þ ln u

þ 2ū3ð10 − 15ūþ 6ū2Þ ln ūþ uūð2þ 13uūÞ�; ðA33Þ

where Ck
nðxÞ are the Gegenbauer polynomials,

h00 ¼ v00 ¼ −
1

3
η4; h01 ¼

7

4
η4w4 −

3

20
aπ2; h10 ¼

7

4
η4w4 þ

3

20
aπ2; a10 ¼

21

8
η4w4 −

9

20
aπ2;

v10 ¼
21

8
η4w4; g0 ¼ 1; g2 ¼ 1þ 18

7
aπ2 þ 60η3 þ

20

3
η4; g4 ¼ −

9

28
aπ2 − 6η3w3: ðA34Þ

The constants presented in Eqs. (A33) and (A34) are calculated using QCD sum rules at the renormalization scale
μ ¼ 1 GeV2 [18–20,25–29]. These constants are given as aπ1 ¼ 0, aπ2 ¼ 0.44, η3 ¼ 0.015, η4 ¼ 10, w3 ¼ −3,
and w4 ¼ 0.2.
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