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ABSTRACT

MULTI-LAYER MODELS FOR MOVING CONTACT PROBLEMS OF
GRADED MATERIALS AND MULTIFERROICS

Toktas, Selim Ercihan
Doctor of Philosophy, Mechanical Engineering
Supervisor: Prof. Dr. Serkan Dag

January 2024, 202 pages

In the present work, a solution method for the elastodynamic contact problems of
rigid punches is developed for several smart systems in two dimensional medium.
The considered composite structures always comprise a homogeneneous elastic
substrate covered by a coating involving single layer or many sub-layers. The wear
resistant coatings encountered in the industry possess heterogeneous structure and
their properties are defined by gradation functions. Analytical contact solutions of
such coatings generally focus on a single layer coating with exponential gradation
through the depth of the coating as it is easier to work with the exponential function
in the solution of differential equations. Yet, this assumption lacks in reality due to
its limitations since the gradation function can be any function. The mathematical
challenges of the random gradation functions are overcome by the discretization of
the coating with homogeneous multi-layer modelling (HMLM) method. After
homogenization of the structure, the formulation is based on the wave equations of
plane elastodynamics and Maxwell’s equations depending on the coating type. By
examining each layer with its own boundary conditions and applying Galilean and
Fourier Transform techniques, the singular integral equation of the contact problem
is derived for four different punches. In the next step, this equation is numerically



solved by Jacobi expansion-collocation method to obtain the outputs. The main
emphasize is the investigation of the influences of the coating type, the speed of the
punch, the coating thickness-to-contact length ratio and the coefficient of dynamic

friction on contact stresses, electric displacement and magnetic induction.

Keywords: Functionally Graded Materials, Multiferroics, Moving Contact, Singular
Integral Equation, Multi-Layer Modelling.
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0z

DERECELENDIRILMi$ MALZEMELERIN VE MULTIFERROIKLERIN
HAREKETLI TEMAS PROBLEMLERI iCiN COK KATMANLI
MODELLERI

Toktas, Selim Ercihan
Doktora, Makina Miihendisligi
Tez Yoneticisi: Prof. Dr. Serkan Dag

Ocak 2024, 202 sayfa

Bu calismada iki boyutlu ortamdaki cesitli akilli sistemlerde rijit zimbalarin
elastodinamik temas problemleri i¢in bir ¢6ziim yontemi gelistirilmistir. Ele alinan
kompozit yapilar her zaman homojen bir elastik alt ylizeyden ve bu ylizeyi koruyan
tek katman veya coklu katmanlar igeren bir kaplamadan olusmaktadir. Endiistride
karsilagilan asinmaya direngli kaplamalar heterojen yapiya sahiptirler ve
kaplamalarin  6zellikleri derecelendirilme fonksiyonlar1 ile tanimlanir. Bu
kaplamalarin analitik temas ¢6ziimleri genellikle tek katmanli ve katmanin derinligi
yoniinde iissel fonksiyonla derecelendirilmis kaplamalara odaklanmistir ¢linkii
diferansiyel denklemlerin ¢oziimiinde iissel fonksiyon ile caligmak daha kolaydir.
Fakat bu varsayim kisitlamalarindan otiirii gercekte yeterli degildir ¢iinki
derecelendirilme  fonksiyonu herhangi bir fonksiyon olabilir. Rastgele
derecelendirilme fonksiyonlarinin olusturdugu matematiksel zorluklarin iistesinden
kaplamanin  homojen ¢ok-katmanli modelleme (HCKM) yontemi ile
ayriklastirilmasiyla gelinir. Yapinin homojenlestirilmesinin ardindan formiilasyon
diizlemsel elastodinamigin dalga ve kaplama tiiriine gére Maxwell denklemlerine

dayandirilmistir. Her katmani kendi i¢indeki sinir kosullari ile inceleyerek ve Galile

vii



ve Fourier Doniisiim tekniklerini uygulayarak dort farkli zimba i¢in temas
problemine ait tekil integral denklemi tiiretilir. Sonraki asamada ¢iktilar1 elde etmek
icin bu denklem sayisal olarak Jacobi agilim-siralama yontemiyle ¢ozlilmiistiir. Ana
vurgu kaplama tiiriiniin, zzmba hizinin, kaplama kalinligi-temas uzunlugu oraninin
ve dinamik siirtlinme katsayisinin temas gerilmeleri, elektriksel yer degistirme ve

manyetik indiiksiyon tizerindeki etkilerinin incelenmesidir.

Anahtar Kelimeler: Fonksiyonel Derecelendirilmis Malzemeler, Multiferroikler,

Hareketli Temas, Tekil integral Denklemi, Cok-Katmanli Modelleme.
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CHAPTER 1

INTRODUCTION

This study is conducted to investigate the response of multi-layered heterogeneous
structures under frictional and moving contact loading conditions. On top of a
substrate, several types of coatings such as FGM, multi-layer, periodic or
multiferroic coatings are placed depending on the problem. Transition at the interface
between substrate (interlayer for multiferroic case) and coating for FGM coatings is
accepted as smooth which means that there are no interfacial defects or jumps.
Contact problem of a moving rigid punch which may possess four distinct shapes is
examined under plane strain conditions. Punch speed is assumed as constant and
implemented as a parameter in the governing partial differential equations. This
study embodies all types of contact problems involving elastostatic or elastodynamic
cases, single or multi-layer coatings, homogeneous or graded coatings and isotropic
or multiferroic coatings. Chapter 1 describes briefly the smart materials and
summarizes approximate multi-layer models used in the literature. Finally, the main

purpose of the present work is explained in the last section in this chapter.

1.1 Review of FGMs

The modern industry demands everlasting endurance for machinery components
which is considerably dependent on surface and wear conditions. Researchers have
been working on techniques to reduce these undesirable conditions. Mechanical
surface treatments have the top-ranking place amongst surface improvement
techniques. Altering the chemical composition of the contacting surfaces, i.e.,
enhancing the hardness of surfaces may significantly prolong the life-time of the
machinery. Cutting tools in manufacturing, sliding bearings in power transmission

and braking systems, dental implantations and medical prosthetics, penetration



resistant materials for armor plates and bullet-proof vests, MEMS, piezoelectric and
thermoelectric devices, protective coatings on hard-disks and thin film coatings
necessitate high tribological performance (Bhavar et al., 2017; Li and Han, 2018;
Miteva, 2014; Saleh et al., 2020).

In tribological applications, graded coatings are used to create protective layers
which prevent the failures stemming from surface cracks caused by fatigue or
fretting. Possessing more than one critical characteristic such as resistance against
corrosion and wear, thermal endurance, magnetic permeability, dielectric
permittivity, flexibility and high strength comes into prominence in the new
generation material design. Functionally graded materials (FGMs), classified in an
advanced class of engineered composite structures, are recognized by their
continuous Vvariation in material composition and mechanical properties in the
desired direction due to the change in the volume fractions of constituent phases.
Varying composition in microstructure over a geometry is preferred intentionally in
order to fabricate materials combining multiple qualifications. Figure 1.1 illustrates
an FGM made by particulate dispersion of a constituent in a medium of the other
material pair. One can notice the vertical variation of particles which indicates
alternating volume fractions of constituent phases across the thickness direction.

Properties of such materials can be described by material function A(Z).

Due to the mixture of two or more constituents (metal/ceramic, ceramic/ceramic,
ceramic/glass, piezoelectric-magnetostrictive and etc.), FGMs possess optimized
mechanical, thermal and electro-magnetic performances like high fracture
toughness, hardness, thermal conductivity or expansion, wear or corrosion resistance
and electrical or magnetic energy conversion ability. Mismatching in FGMs also
diminishes mechanical or thermal stresses and increase interface bonding strength
(El-Wazery and El-Desouky, 2015). Hence, these characteristics enable FGMs to
control or limit the damage caused by the contact in tribological applications.
Various forms of FGMs can be widely encountered in many areas such as
biomedical, manufacturing, aerospace, automotive, textile machinery, computer

systems and microelectronics.
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Figure 1.1. Schematics of the particulate FGMs with constituent phases. (Popoola et
al., 2016; Zhang, C. et al., 2019)

FGMs are found naturally in living body parts such as the barks of certain trees,
bones, teeth, conch and tortoise shells. Dental implants composed of metal inner core
and ceramic outer crown are considered as one of the best examples of biomedical
FGM and perfect replicas of natural teeth. The core and the crown successfully
combine ductility and wear resistance, respectively. Uniting of these properties in a
material became critical with the demand of advanced materials in engineering
applications. The researchers developed manufacturing processes of FGMs since
1980s. During the past forty years, artificially manufactured FGMs provided special
qualifications at any desired spatial location. Amongst the processing techniques of
FGMs, one can mention powder technology methods (dry powder processing, tape
casting, electrochemical gradation, powder injection molding and self-propagating
high temperature synthesis), deposition methods (chemical vapor deposition,
physical vapor deposition, electrophoretic deposition, pulsed laser deposition,
plasma spraying), in-situ processing methods (laser cladding, spray forming,
sedimentation and solidification, centrifugal casting) and rapid prototyping
processes (multiphase jet solidification, 3D-printing, laser printing, laser sintering)
(Bhavar et al., 2017; Kieback et al., 2003; Saiyathibrahim et al., 2015; Zhang, C. et
al., 2019).



1.2 Review of Multiferroics

Multi-functional material design uniting many features generally not found together
has attracted the researcher’s attention in the contemporary material science. Yet, the
contraindication rising due to the need of distinct crystal cell arrangements which
contribute different characteristics should be overcome. This phenomenon has
become the major and challenging problem in the design of multi-functional

multiferroic materials (Spaldin, 2020).

Ferroics are defined as smart materials whose properties can be adjusted by
environmental conditions and external stimulus such as moisture, temperature,
pressure and external forces (Li et al.,, 2020; Wadhawan, 2002). In a critical
temperature interval, these materials can convert their crystal structures and alter
their physical properties exhibiting phase transition (Roy et al., 2012). For instance,
Hayward et al. (2005) state that barium titanate in cubic crystal structure transforms
into tetragonal, orthorhombic and rhombohedral state near transition temperatures
393 K, 278 K and 183 K, respectively. Compared to non-ferroic phase, the atoms in
the crystal structure move slightly and change their neutral position when the
temperature reaches to near values of critical temperature. This incident causes the
transition to ferroic phase. The main ferroic materials are categorized in three groups
depending on their coupling interactions as ferroelectrics, ferromagnetics and
ferroelastics (Behera et al., 2021; Bhoi et al., 2021; Ramesh, 2022). Electrical
polarization in ferroelectrics, spin polarization in ferromagnetics and strain in
ferroelastics may undergo changes when exposed to stress, electric and magnetic
fields. The usage of these materials has become popular in novel technological

devices.

Multiferroics also known as magneto-electro-elastic materials (MEEMs) are
characterized by their ability to transfer energy between elastic, electric, and
magnetic fields (Gao et al., 2018). They combine all three ferroic properties in
themselves. In other words, exposing MEE materials to mechanical stress creates not

only strain but also electric and magnetic potentials or vice versa (Vinyas, 2021).



Hence, full coupling exists between three fields through piezoelectricity,

magnetostriction and magnetoelectricity as shown in Figure 1.2.

Stress field
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Figure 1.2. Energy coupling mechanism in MEE materials (Palneedi et al., 2016).

Single-phase multiferroics (BiFeOs, RMnOs, Cr.03, Ti,O3, GaFeOs, etc.) are
common in nature but they do not guarantee strong coupling between electric and
magnetic fields (Bishay et al., 2012; Kumar et al., 2020). The reason is that the
coupling between ferroelectrics and ferromagnetics in the same phase (crystal
structure) leads to the contraindication (Ramesh, 2022). Therefore, their applications

are limited compared to multi-phase multiferroics.

Multi-phase multiferroics made of various volume fractions of piezoelectric and
piezomagnetic constituents meet the need of MEE materials that possess high
magneto-electric coupling. For this reason, this type of MEEMs is generally

encountered in industrial designs. Due to their energy coupling capability, multi-



phase MEEMSs have captured significant attention and provided several opportunities
in the recent years especially in micro and nano scaled technological applications
such as actuators (Afonin, 2019; Kumar and Sarangi, 2018), energy harvesters (He
and Liu, 2022; Liu et al., 2014; Wang et al., 2016), antennas (Hu, 2020), spintronic
devices (Chang et al., 2019; Gradauskaite et al., 2021), resonator (Ma et al., 2011),
opto-electronic devices (Erum and Igbal, 2020), transducers (Rupp et al., 2019;
Surowiak and Bochenek, 2008), sensors (Daga et al., 2009; Gao et al., 2021;
Hosseini et al., 2018; Zhou et al., 2021), memory devices (Ma et al., 2011),
biomedical (drug delivery, monitoring, nanorobot and biomaterial) (Apu et al., 2022;
Kopyl et al., 2021), composite plates (Xu et al., 2015), shell-core composites
(Chaudhuri and Mandal, 2015), polycrystalline structures (Fujii et al., 2022), thin
films (Hadouchi et al., 2020; Liang et al., 2021; Matavz et al., 2021) and remotely
controlled micromachines (Chen et al., 2016). In the literature, one may find the
experimental studies which investigate the performances of multiferroic devices (Du
et al., 2013; Malleron et al., 2019; Zhou et al., 2013) and multiferroic materials
(Hasanyan et al., 2012; Sayed et al., 2021; Schmitz-Antoniak et al., 2013; Tabakh et
al., 2019; Zhao et al., 2014).

The multi-phase multiferroics are mainly manufactured as in the form of particulate,
rod and layered composites. (Aguesse et al., 2012; Palneedi et al., 2016; Pradhan et
al., 2020; Vopson, 2015). The particulate composites are identified by the presence
of the particles of any shape and size suspended in the matrix medium. In the rod
composites, the shape of particles is specified as cylindrical rods. Layered
composites are made up of the deposition of distinctive layers, having its own
properties. When the engineering applications of MEEMSs are examined, one can find
many examples of multi-layer and functionally graded structures. It is also noted that
more efficient coupling performances have been observed in MEE coatings
manufactured as multi-layer or functionally graded configurations (Vinyas, 2021).
Multi-layer nano structures possessing enhanced magnetic performance (Aguesse et
al., 2012), multi-layer thin films produced via chemical deposition (Dai et al., 2014)
and tape casting (Hao et al., 2013) methods, multi-layer microelectronic devices



(Scigaj et al., 2016), multi-layer magneto-electric read-head sensors (Ma et al.,
2011), MEE micro-beams (Hong et al., 2021), MEE nanoplates (Hosseini et al.,
2018) and MEE nanofilms (Liu and Lyu, 2020) optimized by 3D printing (Uetsuji
and Wada, 2020) methods can be mentioned as the applications of multi-layer and
FGM MEE coatings. The gradation of the properties brings the special customization
of the coating and allows the optimization of mechanic and electro-magnetic

responses.

A common multi-phase MEEM is the composite made of the combination of BaTiO3
and CoFe;04 as shown Figure 1.3. Jian and Wong (2017) worked on the different
crystal structures of BaTiOs-CoFe,O4 pair as shown in Figure 1.4. The diversity of
crystal structures in the composite material boosts electro-magnetic coupling effects.

Hence, a highly coupled BaTiO3-CoFe.O4 pair is examined in the present study.

Si wafer

Figure 1.3. Sample MEE material made of barium titanate and cobalt ferrite (Erdem
etal., 2016).

1.3 Review of Multi-layer Models

Multi-layer models are the systems of network formed by dispersion of similar types
of sublayers possessing different characteristics. A highly heterogeneous structure
whose governing equations are impossible to solve for certain analyses can be
converted with these models into a simplified multi-layer structure, i.e., these

homogenization methods make the examination of highly nonlinear structures



possible. The previous studies regarding the multi-layer approximations can be
categorized under three groups such as linear multi-layer model (LMLM),
exponential multi-layer model (EMLM) and homogeneous multi-layer model
(HMLM).

Figure 1.4. The schematic illustration of BaTiOs/CoFe204 composite and the crystal

structures of both constituents (Jian and Wong, 2017).

In LMLM, the scientists receive the help of continuous linear functions to generate
an imitative gradation function resembling to the original gradation function of the
structure. Keep in mind the fact that any curve can be expressed by a series of linear
functions. At the interfaces of multi-layer system, the properties are identical to those
of heterogeneous structure while the properties are close enough to the ones of exact

gradation function at other locations.

In the second method called as exponential multi-layer model (EMLM), the
researchers utilize sub-layer formation in the nonhomogeneous medium by selecting
appropriate exponential functions having distinct powers for each layer in order to
approximate the original material properties. This imitation is especially
advantageous in the solution of differential equations since the derivatives of
exponential functions are easy to handle. For this reason, it may be considered as
superior compared to LMLM. However, there exists a drawback of this model. All

property variations of the material must follow the same proportional pattern in order



to make the coefficients of PDEs constant but the proportional material gradation is
considered as a major weakness and not a rational restriction in real heterogeneous

structures.

The last method is homogeneous multi-layer model (HMLM). In this model, the
graded coating is divided into a number of homogeneous layers with constant
properties along the thickness direction. This approach also causes mismatches in
material properties at the interfaces of the sublayers. On the other hand, it enables to
investigate the variation of all material parameters independently. In other words,
HMLM overcomes the distinct (nonproportional) variations of all material properties
of the coating while the other methods fail to do so. Hence, HMLM is selected in the

present study as it eliminates all restrictions in property gradation.

Table 1.1 summarizes the strengths and weaknesses of multi-layer methods
explained in the above paragraphs. In Figure 1.5, three multi-layer approximation
models with 5 sublayers are illustrated. Two cases of samples namely ceramic-rich
(y>1) and metal-rich (y < 1) coatings are examined in Figure 1.5a and Figure 1.5b,
respectively. The exact gradation functions of the coatings are shown by red colored
curves and the functions are given in the label. Approximate HMLM, LMLM,
EMLM curves are plotted by black, blue and green colored curves, respectively. As
seen, the convergence of HMLM is worse than the other approximations, i.e., the
approximate curves for HMLM do not cover the original gradation functions as the
curves of LMLM and EMLM do. Yet, an excellent convergence for HMLM can be
achieved when an appropriate number of layers is selected. In Figure 1.6a and Figure
1.6Db, the convergence of HMLM on material property gradation is shown as the layer
number used in the analysis is increased to 100 for stiffer («(0) > u(h)) and less stiff
(u(h) > u(0)) coatings, respectively. As it can be noticed, HMLM fits perfectly on
the exact gradation function when N is equated to 100. In the contact analyses, N is
generally taken as equal to 100 or even greater than 100. The optimized value for N
is obtained by comparative results prepared in convergence tables as mentioned in

the next sections. Thus, the accuracy in the results is assured with this way.



Table 1.1. A comparison of weaknesses and strengths of multi-layer models.

LMLM EMLM HMLM

Simple formulation
Fast convergence

Pro’s - Nonproportional
(Less number of layers) Gradation

Variable coefficients in Proportional Gradation  Slow convergence

Con’s PDEs (Not Applicable) Complex formulation  High number of layers
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Figure 1.5. Approximate multi-layer models, p(x)/u(0)=1—0.8(x/%)?, N=5. (a) y=2.0;
(b) y=0.5.
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Figure 1.6. Comparison of HMLM and Exact Gradation Function: (a) Stiffer coating,

from top to bottom, u(X)/u(0)=1—0.8(x/4)", y = 5.0,4.0,3.0,2.0,1.0,0.8,0.6,0.4,0.2;

(b) Less stiff coating, from top to bottom, x(x)/u(0)=0.24+0.8(x/h)”, y = 0.2,0.4,0.6,

0.8,1.0,2.0,3.0,4.0,5.0.
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1.4 Thesis Aim and Qutline

In this study, the analyses for dynamic frictional contact problems of many multi-
layered heterogeneous structures are conducted utilizing integral transform
techniques. Flat, triangular, semi-circular and circular shaped punches are
considered. Even though there are few studies regarding dynamic contact problems
of half-planes and proportional and exponential FGM coatings, the solution of
moving contact problems of nonproportional FGM coatings is missing in the
literature. Previous studies fail to enlighten the true response of heterogeneous
structures since proportional gradation is rare in real life applications. Thus, the
present study will be helpful to the researchers in the design and optimization of

FGM coatings.

The organization of the dissertation is as follows: Chapter 1 gives general
information related to the materials studied in this work. FGMs and multiferroics are
described briefly. Approximate multi-layer formations are explained and the scope
of the study is defined. In Chapter 2, previous studies done associated with FGMs
and multiferroics are summarized. Approximate homogenization models applied in
solid mechanics problems are discussed briefly. In Chapter 3, the formulations of the
moving contact problems of pure elastic and multiferroic structures are presented in
detail. Constitutive relations and governing partial differential equations are written.
The continuity, regularity and boundary conditions are stated. Then, the singular
integral equation and the equations used in the calculations of other mechanical and
electro-magnetic outputs are obtained. Chapter 4 clarifies numerical procedures
applied in the solution of singular integral equations. After that, stresses, electric
displacement and magnetic induction in X-direction are calculated for heterogeneous
systems. In Chapter 5, the explained procedures and obtained results are verified by
making comparisons with the ones available in the literature for special and simple
cases. The results of the parametric analyses are illustrated in figures and some scalar
data are presented in tables. In Chapter 6, the concluding remarks and how the

studied models can be improved are summed up.
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CHAPTER 2

LITERATURE REVIEW

The analysis of stresses and strains emerging in touching solid bodies is within the
interest of contact mechanics. A contact mechanics problem in the plainest case
involves two solid bodies interacting with each other while operating. The contacting
bodies can be considered as rigid or deformable, elastic or plastic, isotropic or
anisotropic, non-ferroic or ferroic, static or dynamic and etc. Hence, the physics and
mathematics of the contact problems are built upon the mechanics of materials.

Popov et al. (2019) recall that the pioneers of the field of classical contact mechanics
are Hertz and Boussinesq in the 19" century. For the first time, Boussinesq
researched the stress distribution in semi-infinite medium contacting with the rigid
cylindrical and flat-bottomed punch. Since then, the contact models evolved into an
advanced and complicated level. In the upcoming sections in this chapter, the latest
published papers regarding the contact mechanics of multi-layer structures, FGMs

and multiferroics are discussed.

2.1 Literature Review of Multi-Layer and FGMs in Contact Mechanics

Finite element programs can serve as useful tools by which the stresses in the contact
zone are obtained from. McGuiggan et al. (2007) reported both finite element and
experimental results of the nanoindentation of layered surfaces. The authors
especially looked into the contact mechanics of the surface force apparatus for both
including and excluding adhesion. Kot (2012) developed a deformation model for
mono and multi-layer coatings based on the results of finite element method and the
analyses of nanoindentation tests. Riccardi and Montanari (2004) presented a deep-

indentation process with perfectly rigid indenter utilizing finite element (FE)
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simulations. The finite element analysis of the indentation process used in
simulations was verified by experiments with the same geometric models. Jahedi and
Adibnazari (2015) prepared 2-D frictional rolling contact simulations of graded
coatings under plane strain state. The influences of friction, material properties and
coating thickness on stresses in contact zone and at the interface were comprehended.
Thermal effects in contact mechanics play critical role in certain applications. Bayat
et al. (2019) studied on thermo-elastic contact problem of FGMs for rotating brake
disks. Temperature dependent material properties were examined by finite element
method. The gradual alteration of the properties of brake disk was assumed to be

characterized by power-law functions along the radial direction.

A criterion which might substantially affect the contact condition is surface
topography. Several analyses of layered rough surfaces containing data for various
surface topographies, elastic and elastic-plastic material properties, normal and
tangential loading conditions and dry and wet interfaces were presented by Bhushan
and Peng (2002) by applying finite difference, finite element and boundary element
methods. In the article by Yastrebov et al. (2011), two approaches representing the
surface roughness measured by experiments were examined related to frictionless

contact of elasto-plastic medium.

Two of the pioneer studies about elastostatic frictional contact analyses were done
by Guler and Erdogan (2004; 2007). The authors formulated an analytical solution
method to express normal and lateral contact stresses of an exponentially graded
coating through its depth which is perfectly bonded on top of a substrate. The
inadequacies of that study are disregarding both punch speed and the variation in the
gradation function. In certain applications, the property gradations in the lateral
direction are required for the improvement of the mechanical behavior of the
structure. A frictional contact model between such a material and a rigid circular
stamp was prepared by Dag et al. (2013). In that study, the gradation function was
also accepted to be in the exponential form to simplify the model. Alinia and Espo
(2020) worked on contact problem of coatings having exponentially varying
properties in two dimensions bonded to a half-plane graded only in the lateral

14



direction. Another considered 2-d contact problem in the literature is axisymmetric
contact. Liu and Wang (2008) investigated the axisymmetric contact problem of
exponential FGM coatings. The authors’ concern was to obtain the frictionless
contact stresses for flat, spherical and conical indenters.

Several contact models are also proposed in master’s thesis and doctoral
dissertations. Among them, one can mention the models developed by Guler (2001),
Gulver (2009), Arslan, (2016) and Balci (2018). Two papers cited in the above
paragraph were published using the data produced in the dissertation of Guler (2001).
Gulver (2009) suggested a model for a graded coating in contact with thin film. The
structure was loaded in the lateral direction from the tip of the thin film and far-
fields. Therefore, only shear stress appears due to the contact without the existence
of normal contact stress. Arslan (2016) prepared both a FEM model and an analytical
model to examine the contact characteristics of orthotropic coatings. The effects of
the ratio of elastic moduli in different directions were illustrated. In addition to the
contact stresses, normal and shear interface stresses were also calculated. Finally,
Balci (2018) put forward an elastodynamic contact model for the same material
model suggested by Guler (2001). The novelty of that dissertation is the
implementation of punch speed as an independent parameter into the model. Note
that FGM coating considered in all of these thesis and dissertations are proportionally
and exponentially varied and except for the dissertation by Balci (2018), the

problems were solved by ignoring time dependent effects.

Thin films can be classified as a layer of material attached to the substrates whose
dimension in the thickness direction is very small compared to lateral dimensions.
There is vast amount of information in the literature directed towards examining
contact mechanics of thin films (Merle, 2013; Zhang et al., 2018).

Contact mechanics of moving punch problems interests many scientists since the
potential applications of such contact problems in the industry are numerous. De and
Patra (1994) and Zhou et al. (2014) solved contact problems of dynamic punches in

semi-infinite orthotropic medium. Zhou and Lee (2014) then applied a similar
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method to examine moving punch problems in any type of anisotropic materials.
Comez (2015) and Balci (2020) investigated the influence of punch speed on
frictional contact problems of graded layers placed on a rigid structure. Balci and
Dag (2018a; 2019a; 2019b; 2020) improved the layer approach by replacing the rigid

foundation with homogeneous semi-infinite media.

In the literature, multi-layer coatings and arbitrarily graded coatings are generally
classified in the same group. The reason is that the characteristic of gradation
functions in arbitrarily graded coatings changes the type of governing PDEs and it is
impossible to attain the general solution of such coatings for the contact mechanics
problems. For this reason, the researchers developed approximate multi-layer models
to overcome this difficulty by converting the arbitrarily graded coating into an
adequate number of sub-layers. The studies about diverse types of contact problems
involving multi-layer coatings such as the frictionless double contact problem of a
two-layer laminate (Yan and Mi, 2017), the elastic rolling problem of wheel-rail
contact (Chudzikiewicz and Myslinski, 2011), the axisymmetric problem of multi-
layer coatings (Miura et al., 2020), the elastic—plastic penetration problem of a
Berkovich pyramid (Kravchuk et al., 2009) and the sliding contact problem of
magnetic storage thin-films (Katta et al., 2009) exist in the literature.

The summary in this section indicates that there is no previous work which focuses
on a moving frictional contact problem of nonproportionally graded coatings.
Applying HMLM approach simplifies the complex material model and allows the
solution using integral transform techniques as explained in Section 3.1.

2.2  Literature Review of Multi-Layer and FGM Multiferroics in Contact

Mechanics

Investigation of mechanical performances of structures comprising MEE
components subjected to external forces applied by another body is one of the major

steps in the design process. In the regions where the intensity of contact stress,
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electric displacement and magnetic induction are quite elevated, surface damage and
micro crack formation initiate which then may lead to failure (Ma et al., 2014).
Hence, it is crucial that magnetic, electric and mechanical performances of MEE
coatings reach to the optimum levels by adjusting layer thicknesses and interface
numbers or altering the inhomogeneity exponents. With these design modifications,
the resistance against contact deformation, surface damage and electro-magnetic
deterioration of MEE coatings may be improved. In short, it is critical to determine
the accurate mechanical behavior of MEE coatings under contact loading.

Magneto-electro-elastic materials (MEEMSs) comprise of piezoelectric and
piezomagnetic constituents and originate the coupling between mechanical
deformation and electromagnetic fields. For this reason, MEE materials attract the
researchers’ attention in many smart device and structure applications. Among these
applications, sensors, actuators, transducers, opto-electric devices, storage devices,
nano-beams and nano-plates can be mentioned. As a result of the increase in the
usage of MEE materials in high technology products, there is a need for estimating
the behavior of these products under mechanical loads in order to create more

effective designs.

Understanding the influences of wear and friction and determining the connection
between stress distribution and electro-magnetic response gained prominence for
smart materials in contact with different structural system. For this reason, many
studies are conducted concerning ferroics, multiferroics, ferroic FGMs and
multiferroic FGMs to outline the contact response. The contact problems involving
smart structures and smart coatings in the literature can be mainly divided into two

main groups as statically loaded and dynamically loaded problems.

The literature in this section starts with the studies of piezoelectric and
piezomagnetic materials since they are the fundamental components of MEEMs. Ke
et al. (2008a) investigated the static contact of exponentially graded piezoelectric
coating placed on piezoelectric half-plane loaded by frictionless and electrically

insulating punch. In addition to equations of motion, Maxwell electric equation is
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added to the model as one of the governing PDEs. The authors also improved their
initial model by adding the separate effects of electrically conducting punch (Ke et
al., 2008b) and friction (Ke et al., 2010). Then, Su et al. (2018) worked on a contact
model which clarifies the competing influences of electrically conducting punch and
friction on contact stresses. Furthermore, a pioneer study about fretting contact of
piezoelectric half-planes was carried out by Su et al. (2015). Another advanced study
which applies Maugis contact theory was done by Huang and Liu (2019) to enlighten
adhesive contact situation between an insulating cylindrical punch and a
piezoelectric coating. The studies on the contact problem of piezomagnetic materials
are quite limited. A general theory for the axisymmetric indentation of
piezomagnetic medium by a flat rigid punch was proposed utilizing the equations of
motion and Maxwell magnetic equation by Giannakopoulos and Parmaklis (2007).
Now, we switch to the static contact problems in the literature regarding MEEMs.
General information about how the contact modelling of MEEMSs can be done was
firstly presented by Chen et al. (2010). They also convey necessary procedures by
supplying certain boundary conditions. For MEEM problems, mechanic-electric-
magnetic characteristics are taken into consideration by fully coupled constitutive
relations, the wave equations and Maxwell electric and magnetic equations. Elloumi
et al. (2013) and Elloumi et al. (2014) carried out the frictional contact analysis of
MEE half-plane for conducting flat and cylindrical punches, respectively. Then,
Elloumi et al. (2016) outlined an analytical solution methodology for sliding
frictional contact of exponentially graded MEE half-plane for conducting flat punch.
Comez (2021a) considered thermoelastic contact problem of a MEE layer resting on
a rigid body indented by a rigid insulating punch. Zhou and Lee (2013) and Zhou
and Kim (2014) worked on the frictional contact situations between MEE half-plane
and rigid and insulated punches. Ma et al. (2016) examined the contact between
exponentially graded MEE layer on a perfectly insulating rigid half plane and a
perfectly conducting rigid punch with frictional heat generation. Ma et al. (2014) and
Ma et al. (2015) put forward analytical techniques to analyze frictionless and

frictional contact problems involving exponentially graded MEE coatings,
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respectively. Mechanical analyses of multiferroic thin films and MEE FGM coatings
under frictional contact loading were made respectively by Zhang et al. (2017) and
Zhang, H. et al. (2019) using a semi-analytical method. In all the studies listed above,

the dynamic impacts caused by the speed of the punch are ignored.

When the models of moving contact mechanics of smart materials are focused on,
the most recent work on piezoelectric coatings belongs to Comez (2021b). In this
study, a model about exponentially graded piezoelectric coatings subjected to
loading by frictional dynamic and conducting cylindrical punch was developed. One
can mention the study by Zhou and Kim (2013) for moving contact problem of
piezomagnetic materials. The authors worked on semi-infinite Terfenol-D and
solved the frictional moving contact problem for insulating flat and cylindrical
punches. Regarding the studies on moving contact models of MEE materials, it is
noticed that the researchers only concentrated on MEE half-plane models. Zhou and
Lee (2012a; 2012b) worked on four models for the exact contact analysis of MEE
materials indented by a moving rigid punch. Depending on the punch features, all
four contact cases (electrically and magnetically conducting, electrically conducting
and magnetically insulating, electrically insulating and magnetically conducting, or
electrically and magnetically insulating) were investigated. Comez (2021c)
improved the indentation model of electrically and magnetically conducting punch
developed by Zhou and Lee (2012b) by just implementing the Kinetic friction to the

model.

To the best of our knowledge, a moving frictional contact problem between a
perfectly insulating punch and a multi-layer MEE coating or FGM MEE coating with
general variations in physical properties has not been studied in the published
literature. Although the engineering applications of MEE materials are generally in
the form of multi-layer and functionally graded structures, the researchers were not
interested in multi-layer or FGM MEE models because of the difficulties in the
formulation. Another missing part in the previous works is that all MEE properties
are assumed to vary exponentially across the thickness on contact problems of FGM
MEE coatings. Besides, the inhomogeneity exponents of all MEE properties are
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taken as same in FGM MEE models. In this way, deriving constant coefficient PDEs
becomes possible. To fill missing parts about moving contact problems of MEE
coatings in the literature, we propose the homogeneous multi-layer modelling
method. In short, MEE coatings is examined elaborately in Section 3.2 in this study.

2.3  Literature Review of Multi-layer Models in Solid Mechanics

The first approximation approach of multi-layered models is LMLM as illustrated in
Figure 2.1. In this method, the solution relies on stress-based formulation which
means that an Airy’s stress function is introduced and inserted to PDEs. Then, the
solution of Airy’s stress function is obtained in the form of Whittaker functions.
After lengthy mathematical manipulations, singular integral equation which
describes the contact problem is derived (Ke and Wang, 2006; 2007; Liu et al., 2016).
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Figure 2.1. Schematic illustration of LMLM method (Ke and Wang, 2007).

Figure 2.2 depicts another multi-layer model called as EMLM. Piece-wise
continuous exponential functions are replaced with the exact analytical function.
This model is especially preferred in fracture problems. Because the properties of
sub-layers in EMLM are absolutely same as the exact gradation functions at the sub-
interfaces. One of these sub-interfaces coincides with the tip of the crack so that the
mixed mode stress singularities at the crack tip can be found in a more accurate and

consistent procedure. With this way, convergence is reached while the number of
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layers are kept at minimum (Bai et al., 2013; Guo et al., 2018; Guo and Noda, 2007;
Wang et al., 2014).
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Figure 2.2. Schematic illustration of EMLM method (Guo et al., 2018).

The final and the most favoured method is HMLM applied also by (Liu et al., 2011;
2012; Jobinetal., 2017). As displayed in Figure 2.3, the gradation function is divided
into homogeneous parts. The exiguousness in this method is that the continuities in
the property functions are broken. However, the continuities in all field quantities
such as displacements, stresses and electro-magnetic fields are guaranteed by
interface conditions. In short, HMLM is the only agible method if one is interested

in the effects of nonproportional gradations.
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Figure 2.3. Schematic illustration of HMLM method (Jobin et al., 2017).
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CHAPTER 3

PROBLEM STATEMENT AND FORMULATION

Integral transform methods are powerful tools in the solutions of solid mechanics
problems. Derivation of SIE of the contact problem using integral transform
techniques establishes the main framework of this study. The number of indexed
papers using this concept regarding contact mechanics has been constantly
increasing over the years. The contact modelling of arbitrarily graded coatings
gained accelerated trend in the recent years and became a trend topic. Homogeneous
multi-layer modelling is an essential and promising tool for precise contact
modelling of multi-layer and FGM coatings. HMLM allows us to study on the
mechanical behavior of functionally graded coatings with arbitrarily varying
material properties. Hence, the novelty of this study is the development of a
homogenous multi-layer model which incorporates more variables for contact
problems. From this aspect, HMLM has a great potential for new scientific

researches.

3.1 Multi-layer Model

The general elastic coating model in contact with a rigid punch is illustrated in Figure
3.1. A randomly graded coating laying on the homogeneous substrate is under the
action of rigid moving punch. A perfect bonding between coating and substrate exists
in y-direction that means the continuities of field quantities and material properties
are preserved. Plane strain conditions are assumed for the composite structures. Total
normal and tangential forces exerted by the contact are designated by P and Q. It is
assumed that Coulomb’s law of friction is valid between these forces (Q=7P). In the
material model, three properties which define the elastic medium namely shear

modulus, density and Kolosov’s constant are assumed to vary randomly in X-
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direction. In order to approximate the exact grading functions, the coating is
converted to N number of equally thick homogeneous sub-layers. Homogeneous
substrate is chosen as 1% layer and the layer number increases in the negative x-
direction, i.e., the coating layers are numbered as i=2,...,N+1. Such a configuration
is chosen due to the application order of the interface conditions. In other words, the
initial interface conditions that will be applied are the continuity conditions at x=h.
After that, the conditions between 2" and 3™ layers are applied and it continues in
this way. The subscript in parenthesis ()’ in all variables denotes the layer number.

Figure 3.1. Geometry of general moving contact problem of elastic heterostructure.

The punch slides on the coating in y-direction and its speed is designated by V. In
this chapter, entire formulation is done as if the punch has an arbitrary shape,
however, the contact problems are solved for flat, triangular, semi-circular and
circular shaped punch profiles in Chapter 4. Galilean transformation is introduced
between the stationary x-y and the moving X-Y coordinate systems as shown in
Figure 3.2. By attaching the trailing edge of the punch to the origin of the moving
coordinate system, the total length of the contact is defined, i.e., the contact zone is

covered by the interval 0 < X < b.
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X X

Figure 3.2. Two-dimensional Galilean Transformation

For the plane contact problem, Hooke’s law is written in a general form for each

layer in the stationary coordinate system as follows:

- ou,. oV, i=1d,. <X,
F iy (X5 y)=—ﬂ(l) (K(i)+l)&+(3—l((i))ﬁ - ®

(K(i) —1) OX o | i=2..,N+1Ld;<x<d;y,
(3.1)

/Ll(l) au(l) av(l) i :1, d(l) < X,

(X Y)=——|(3—«., | —+|x,, +1)|—= |, .
Fiyyy (X Y) (K(i)_l)l:( K(u)) OX (K(u) ) oy | 1=2,.,N+Ld; <x<d;,,
(3:2)
ou., OV, i=1d. <X,
(i) (i) @
o )= Hay | 5o 3.3
G(l)xy( y) /l(l)|: oy OX :I i=2,...,N+1, d(i) <X<d(i_1)’ (3.3)
i—1 .

where u; and v; are displacement components in x- and y-directions, respectively.

The interface locations of each layer in x coordinate can be defined by the parameter

d;). Note that first subscript in parenthesis is the layer number while the other

subscripts indicate the directions. Kolosov’s constant and Poisson’s ratio are linked

to each other in the plane strain and plane stress states in the following form.
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3—4v,, for plane strain,

K,.. = 3_Vi 35
O] ——9 " for plane stress. 49

In plane elastodynamics, time dependent equations of motion for each layer in the

absence of body forces are defined as below:

ao-(i)xx aO-(i)xy azu(i) .
4 =Py 1 =L N 4L, (3.6)
OX oy ot
oo, lo oV,
L @)
OX oy ot

where t and p respectively represent time and density. Then, the equations of motion
are written in terms of displacement components substituting Egs. (3.1)-(3.3) into
Egs. (3.6) and (3.7).

EK +3 82u(i) +( 2 1) Z:g; :@a;l:f) Ji=1...,N+1 (3.8)
K Ky~ M)

(K +1) 2 azu“) :@azvg) Ji=1...,N+1. (3.9)
(K‘ 1) ( (i)—l) oxoy Hiy ot

Now, our aim is to eliminate time dependent terms in the equations of motion and
make the time dependent contact problem tractable. To do that, two-dimensional
Galilean Transformation is introduced as illustrated in Figure 3.2.

x=X, y=Y +W, (3.10)

Galilean Transformation connects stationary (x-y) and moving (X-Y) coordinates to
each other. The purpose of this transformation is to make displacement and stress
components time independent. Note that Galilean Transformation vanishes the time

dependent terms under steady state conditions for the constant punch speed V.
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In the next steps, the formulation continues with the components in the moving
coordinate system. Note that the components written by capital letters indicate that

they are identified in the moving coordinate system.
Uy (X Y1) =U (X,Y),i=1.,N+1L 0< X <o, —o0<Y <oo, (3.11)
v(i)(x, y,t):V(i)(X,Y), i=1..,N+1, 0< X <00, —0<Y <o, (3.12)
a(i)xx(x, y,t):a(i)xX (X,Y),i=1..,N+L,0<X <o, —o0<Y <0, (3.13)
Ty (X Y1) =05 (X,Y), 120, N+1L 0< X <00, —o0<Y <00, (3.14)
Oy (X ¥V 1) =0 (X,Y), 1=, N+ 0< X <o, —c0<Y <oo.  (3.15)

Then, a system of partial differential equations for each layer is obtained in the
moving coordinates as follows:

K +1) 0°U o oV,
( (i) ) (i) 2 O _0,i=1..,N+1 (3.16)

(K(i)—l) ax(zi) (1‘%) oY ?2 +(K(i)_1) oXaY

K +1 62\/i 62Vi aZUi ]
EKZIZ_:L;_ (?) aY(2) aX(Z) (K(i)z_l) 6X8(Y) =0,i=1.. N+1. (3.17)

where 4;, designates nondimensional punch speed of layer i. Note that //J(l.)/p(i) IS
called as shear wave propagation speed and used in the denominator of 4.

A

v
O e
W‘(i)/ Ai)

At this step, Fourier Transformation is performed to Y coordinate in Egs. (3.16) and

i=1..,N+1. (3.18)

(3.17) and the solutions for displacement components are searched in the form of

exponential functions as follows:
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L2k o i=1k=2d, <X,
U (X,Y)=—[3'G. e "¢ —o<¥ <o, .
(')( ) Iz M1 ¢ i>Lk=4,d;<X<d,,

)
(3.19)
1 ok (s X+12Y) i=1,k=2, d(1)<x,
V. (X,Y)=— G, F. e d¢, —o<Y <o, .
(')( ) 27[;[012_;‘ M1 0 ¢ i>1k=4d,<X<dg,.

(3.20)

The equation system given in Egs. (3.16) and (3.17) can be easily expressed in the

following matrix form.

(0 +Y) 2185
(1) s —(L-4))¢° (< —11) Gy,
~0. (321)
2165, 2 g (’f(i)”)_% {G(.)JF@),}
(%) -1) v (x0-1) "

By calculating the determinant of the matrix in Eqg. (3.21), a fourth order

characteristic equation given below is found.

okl |=0. (3.22)

2 a1
(S(Zm (= l41) j S~ 1_22;”;

The roots of the characteristic equation (s;) and the functions (F;;) are found as

follows:

Ky —1 Is |
3(1)1:_\/1_/1(21) 1, S =~ 1_( . )/1(21) ¢l Fy = 2, Fope Zs_g’ (3.23)

(K‘(l) + 1)
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oo N +1,

(3.24)

(3.25)

F(i)l:ﬂ F. = )2 F. _£ F. —i,izz,...,N+l. (326)

In the formulation, there are a total of 4N+2 remaining unknown functions, G,

which will be determined from the interface and the boundary conditions.

3.11 Interface Continuity and Boundary Conditions

In this section, the unknown functions G(;,; are determined by applying interface
continuity and boundary conditions. The required number of conditions is 4N+2. As
well known, displacement and stress components are continuous functions. Hence,
the contact problem has four continuity conditions (4N) at each interface. The last
two boundary conditions are stress free surface conditions at X = 0. In short, a large

linear system is formed in multi-layer contact problems.

The method for the solution of G(;); functions must be as fast as possible. However,
calculating the inverse of a quite large matrix is a time-consuming process since N
is a large number and the terms in this matrix are dependent on Fourier Transform
variable £ Thus, an algorithm is developed based on applying the interface
conditions separately and eliminating some G;; functions at each interface. The

solution method is explicitly described in the section below.
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3.111

Continuity Conditions along the Interfaces

To begin with, the interface matching conditions state that displacement and stress

components are continuous as shown below in Egs. (3.27)-(3.30).

U (di Y ) =Upy (d) Y ) i=200N, =0 <Y <o, (3.27)

Vi (A Y ) =V (A Y )1 1 =20 N, =0 <Y <o, (3.28)

iy (9 Y ) = Gaper (A Y ) 1 =200 Ny =0 <Y <0, (3.29)

Sper ()Y ) = Oy (A ¥ ) 1 =200 N, =0 <Y < (3.30)

Next, the functions possessing ‘** superscripts are defined.

Gpy =Gpe™ ™, Gy, = Gyype ™, (3.31)

Gpyy =Gy, i=1.uN, j=1..4, (3.32)

Gpy; =Gy, 1=2..N, j=1..4 (3.33)

Then, starting from the interface condition between 1%t and 2™ layers, the application
order of the boundary conditions goes in negative X-direction. The displacement

components for 1 and 2" layers are equated to ach other.

G)

(2

CDCD

(2
(2
G

)2
)3
)4

, (3.34)

With Eq. (3.34), the displacement continuity is achieved. The representation of stress

field continuity is rather complex and assured with
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Cue| [Ay O Cpapo
lie 7l o, el (335)

G(1)2 ) G(z)a

G*2)4

where the matrices in Eq. (3.35) are explicitly given as

INE . (336)
Ié’ + F(l)ls(l)l Ié/ + F(l)zs(l)z
My K -1 .
Z(I) = ( l) y A(I) = Z(I) ( ) y | :1,..., N, (3.37)
Hi K(isa) ~1
I I I I
[ ]=| ™ 2 O i N (3.38)
s e "o e

s = 1<+ FaySan Tipe =16+ RSz Ty =16+ FasSir T =16+ FpaSpe (3:41)

Utilizing Egs. (3.34) and (3.35), the relation between {Giy) GZZB}T and

* * T . L * * .
{Gy, Grys} can be obtained by eliminating Gy and Ggy,. Matrix

manipulations below express these procedures.

ERE T o .,

[ , 3.42

(2) @ F(l)l [:(1)2 F(Z)l F(2)2 F(2)3 F(2)4 ( )
[q ]z dop 922 Y2 Y2 (3.43)
(2) Q25 926 Y27 Y2
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Wap W | | 2025 = %25 X0ler Y27 ] [ Y26 = X0 26 Y28 ~ X2
(3.44)
Zon Loy ) es<2)1(d<2)‘d(1)) 0 Wop Wiy e5<2)2(d(1)‘d(z>) 0
Zop Lo 0 es<z>3(d(z)‘d(1>) Wiaie W2y 0 es<z)4(d(1)‘d(2>) ,
(3.45)
Giap :[Z(Z)l 2(2)2] G2 (3.46)
G(z)s 2o Lo G(*2)4

At this point, we continue with the algorithm below for the interface conditions

generated due to the homogenization of FGM coating.

-1
[m(i)l Miyze My m(i)4‘| :[ 1+ Zin T Ly 1+ Ziy2 T Z(ipa 1
FinZn * FapZos ~ Fio - FanZae + FopaZae * Fa (3.47)

1 1 1 1
Fiar Fime Fiwe Fina |

Wis Wiya | | Zi)Tasns — Y5 X7 ~ Y7 | | Yave — X Y — X isae
(3.49)

Zip  Zige | es“*m(d““)fd‘”) 0 Wip Wiy es“*”z(d“rd““)) 0

Ziagp i 0 es(.+1>3(d(.+1rd<.)) Wis Wiy 0 esuu)A(d(urdw)) ’
(3.50)

32



G§+1)1 :[Z(m)l Z(i+1)2} G(E+1)2 isoN (3.51)
s Zisp i G(i+1)4

The algorithm above is developed uniquely for the present study. It is the main work
of this dissertation since the value of N is a large number. In the parametric analyses,
this algorithm reveals the effects and fulfills the requirements of any property
gradation. At the end of the algorithm, we end up with a highly complex relation

* * T * * T
between {G(yi1y1 Gz} and {Givena  Gvennal -

3.1.1.2  Boundary Conditions

This section actually describes the last step of the procedure for obtaining the

unknown functions {Gy: ), G’ENHM}T. The boundary conditions below for the
uppermost layer in contact with the rigid punch (i=N+1) are applied and all G;,

functions are written in terms of P({) and Q({).

S(Y),0<Y <b,
O (N+2)xx (o,v):{ 0.Y <0.b<Y, (3.52)
- (0.Y)- nS(Y),0<Y <b, (3.53)
(N 357700, Y <0, b<Y. '

After that, Inverse Fourier Transforms of Egs. (3.52) and (3.53) are written.

b

is t)exp(-1¢t)dt=P(¢), jns(t)exp(—lgt)dt=Q(§). (3.54)

0

Once the vector {Gv+1)2  Gavena}! is written in terms of P(¢) and Q(¢), the singular

integral equation can be derived.
G -1)P
{G“} [©] {( ) (4)}, (3.55)
(N-+1)4 Hina) Q(é’)
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where the matrix [@] is defined as

1
N2 T(nsa)a . fnan Tonens || Zvean Z(nsa)2 | (3.56)
Inens Tvse || Tinss vy || Zinsags Z(nsa)a

Hence, all G, functions are known in terms of P({) and Q(¢). In the end, the

[]=

uppermost layer changes its shape because of the indentation of the punch so the
punch profile determines the displacement derivative relation which provides the

singular integral equation.

3.1.2 Derivation of the Singular Integral Equation of Multi-layer Model

Until now, all functions are found in displacement and stress components. Therefore,

it is time to construct the singular integral equation using the displacement

derivatives with respect to Y coordinate (0Uy:1)/0Y and 0V(y:1)/0Y).

|imaU‘L(X’Y)—nmij|§ZGN+l eXP(S.y X +1Y)dS,  (357)

X -0 oY X—=0 272-

NV (XY 1
hmM—hm—ijGN+1 Fivay €0y X +14Y)dS. (358)

X—=0 oY X027

Two displacement gradient equations given by Egs. (3.57) and (3.58) are expressed

in the following form.

aU + © )
lim 27224 — " —— jJn (XY, )8 (t)dt+ [ 3, (X,Y,0)S(t)dt, (359)
lim 27z av(“*” T (X,Y,t)S(t)dt+ j 3, (X,Y, )5 (t)dt, (3.60)
X —0 (N+1) 22

—00

where the functions J;;

i» 1=1,2,j=1,2, are defined as
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I (XY t)= lim T o, (X, ¢)exp(-1¢ (t-Y))dS, (3.61)

I, (XY, t)= lim T o, (X, $)exp(-1¢ (t-Y))dS, (3.62)
Jn(x,\(,t):lxiin0 T my (X, )exp(-14(t-Y))d<, (3.63)
J»(X.Y,t)=lim T @y, (X, $)exp(-1¢ (t-Y))dS. (3.64)

where w;(X,{), i=1,2, j=1,2, are provided as

4
ay (X, &) = coeff I§ZG(N+1)ieS(N+1)iX, P : (3.65)
i=1 Hin+a)
2 s X Q
@y, (X, &) =coeff| 14D Gy e ™™, , (3.66)
i=L Hiny
2 swX Q
0y (X, &) =coeff | 1D Gy .pyFnpe ™™ —— |, (3.67)
i=1 Hinn)
2 swiX P
@5, (X, &) = coeff IgZG(NH)iF(NH)ie‘”“)' , , (3.68)
i=1 Hina

oU+1)(0,Y)/0Y in Eq. (3.59) varies depending on the punch profile and is an input
in the analyses. In the next step, the asymptotic coefficients of the kernels of the
integral equation are extracted using asymptotic analyses. These analyses are crucial
since the coefficients determine the singular behavior of the integral equation and
the strengths of singularities of the stresses. The functions in (3.65)-(3.68) are
evaluated as £ — oo. Appendix A explains the details of asymptotic analyses. The

results of the asymptotic analyses
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o (X.¢)= |§| Pus XD (S0 X )+ |§| Pra X S(gaX ). (3.69)
(X, 6) = Py XD (S X )+ P €XP (83,50 X ), (3.70)
w;(x’g)_l|§| Ps1 Xp( N+1)2 ) |g| pszeXp( N+1)4 X) (3.71)
w5, (X.¢)= p4leXp( N+1)2 )+p4zeXp( N-+1)4 X) (3.72)

are obtained. In Egs. (3.69)-(3.72), pys i=1,...,4, j=1,2 are constant numbers which

depend on the normalized punch speed and Kolosov’s constant. Further
manipulations about these constants will be given in the following steps. Euler
Identity

exp(-1¢(t-Y))=cos(¢ (t=Y))-Isin(¢(t-Y)), (3.73)

states the relation between exponential function and trigonometric functions, i.e.,
exp(-1{(t-Y)) term is separated into even (cos({(t-Y))) and odd (sin({(t-Y))) parts. By
utilizing the properties of even and odd functions,

j Even Function :ZJ' Even Function, J'Odd Function =0. (3.74)
0

Even x Odd =Odd, Even x Even = Even, Odd x Odd = Even, (3.75)

Egs. (3.69)-(3.72) are rewritten. Note that {7|{] is an odd function. Two equations
below are the sample calculations of the simplification procedure. These equations

will directly be applied to Egs. (3.69)-(3.72).

T | éexp(—m X)exp(-1¢(t-Y))dS = 2Texp(—§x )sin(¢ (t-Y))dS, (3.76)
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T exp(—[¢]X )exp(-1¢ (t-Y))d¢ = ZTeXp(—CX)COS(g“(t—Y))dg. (3.77)

Abramowitz and Stegun (1964) suggest the following relations in the calculation of

infinite integrals.
Iexp(—ax)sin(bx)dx =
0

Texp(—ax)cos(bx)dx = (3.78)

a?+b?’ a?+b?’

Hence, one can adapt these relations to Eqgs. (3.76) and (3.77) in the following way.

2(t-Y)

2Iexp(—gx)sin(g(t—v))dg:m, X >0, (3.79)
ZTexp(—g”X)cos(;(t -Y))d¢ = L X >0. (3.80)
0 X2 +(t Y)

After these mathematical procedures, asymptotic values of the kernels can be

written.
Zexp| - 2 2(t-Y)
II eXp( ARl Jem1ct ) (120 ) X2+ (1Y)
(3.81)
i é, (K(N+1)_1)
| =exp| — [l Ay [6]X 1£(t=Y))d¢ =
[clg”lex'O \/ (i +1) | [¢1X |exp(-1£ (t-Y))d¢
2(t-Y) (3.82)

1 N+l N+l t Y
N+1

Texp(— /1—1(2N+1) <] X )exp(—lcj(t—Y))d; :( 2, 1= Ay ) . (383)

o) X +(t ~YY’
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. 1
[ exp| - 1% o [C1X [exp(=1¢ (t-Y))d¢ =

-1
2 1E::N+1j+1; ﬂ(ZN 1)X (3.84)
N+1

-1
1—m/%ﬂ) X?+(t=Y)’

)

Limits of the kernels are calculated in the next step.

lim 2(1-Y) > =lim 2(t-Y) = (3.85)
x»o(l /12 )X2+(t—Y) X0 (K _1) (t Y)
N+1) 1_ (N+l) /12 Xz t—Y 2
W (N+1) ( )
(N+1)

fim A X = lim
X0 (1 _ 72 X0
(1 /1(N+l))x +(t Y) 1—E,;(N+l+3&2m1 X2+(t—Y)2
(N+1)

—275(t-Y), (3.86)

At the end, the coefficients of asymptotic analyses (pl, Py D3 P 4) are found in terms

of parameters in the model.

pl = pll + p12’ p2 p21 + p22’ p3 p31 + p32’ p4 p4l + p42 (387)

These coefficients are provided explicitly in Appendix B. Using the outputs of the
asymptotic analyses, one can derive the singular integral equation and another
integral equation that is necessary in the calculation of the lateral contact stress. In
surface damages, the failure or deterioration is associated with the lateral stress. For
this reason, examining the influences of lateral stress is indispensable in contact

models so the lateral stress results are also provided in the present study.
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p.7S (Y %T( P +k11(tY)+77k12(tY))S( )dt =

(3.88)
au(N+1) (O Y)
Hinvy = gy 0 TRSY <
b
lj( BT ke (6 )+ koo (, Y)js(t)dt:
7 (3.89)
aV(NJrl) (O’Y)
Hinsay G—Y’ —o<Y <o,
The kernels k;, i=1,2, j=1,2, are called as Fredholm kernels and written as
ko (1Y) j —p)sin(¢ (t=Y)) dg, (3.90)
0
ko (1Y) = [(h, (£)—p,)cos(¢ (t-Y)) dg, (3.91)
0
Kor (1Y) = [ (M (€)= ps)sin(¢ (t-Y)) dg, (3.92)
0
Koo (1Y) = [ (5 (€)= s )cOs( (t-Y)) . (3.93)
0
The integrands of the kernels of the singular integral equation are given by
hy (&)=limw; (X.£), =12 j=1.2 (3.94)

Integration end limits may be different points depending on the punch profile. For
instance, the interval of the contact length for flat, triangular and semi-circular punch
problems is 0 <Y < b, whereas for circular punch problem, itis —a <Y < b. Then,

one can define the equilibrium equation

Ts(t)dt =-P (3.95)
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which states that the total contact pressure is equal to the force exerted by the stamp.

P is the compressive load exerted by the rigid punch per unit depth of the structure.

3.1.3 Derivation of Lateral Contact Stress on the Surface

The calculation of lateral contact stress is straight-forward if one obtains the normal
contact stress. The derivation of lateral contact stress equation starts with three-

dimensional Hooke’s Law.

1

E(N+)xx = E |:O-(N+1)XX “Vinny (G(N+1)YY +G(N+1)ZZ )] (3.96)
(N+1)
1

E(Nsyry :E—|:G(N+1)YY “Vinay (O-(N+1)XX +G(N+l)ZZ )] (3.97)
(N+1)
1

g(N+1)zz = E—[O-(Nu)zz _V(N+l) (O-(N+1)XX +O_(N+1)YY ):| (3.98)
(N+1)

For plane strain assumption, the strain in the Z-direction is taken as zero so the stress
in the Z-direction is found from Eq. (3.98) and substituted into Eq. (3.97).

O(ns)zz = V(N (5(N+1)xx T O (N ) (3.99)

The strain in Y-direction is rewritten as below:

1-v? Vo (1 Vi
(N+1) (N+1) (N+1)
SNy = E O(nsyry — O(N+1)xX ? (3.100)
(N+1) (N+1)

Young’s modulus and Poisson’s ratio in Eq. (3.100) are replaced by shear modulus

and Kolosov’s constant and the strain in Y-direction is updated.
3- K(N+l)

T (3.101)

E(N+1) = 2(1+V(N+1)):U(N+1)’ Vineg =
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. _ NNy (0.Y) _ Ky +1G _ 83— K o (3.102)
(N+1)YY oY 8/”(N+1) (N+1)YY 8/”(N+1) (N+1)XX

Inserting Eq. (3.102) into EqQ. (3.89) and performing some mathematical

manipulations result in the following relation for lateral contact stress.

8p, +(3—K'(N+1))

S(¥)

Ty (0Y) = {
- (K(N+1)+1)7[ e (K(N+1) +1) (3.103)
8 b
- - k. (t,Y)+k, (t,Y)|S(t)dt, — v |
+(’<(N+1)+1)7r'([[77 Zl(t )+ 22('[ )] (t) t <Y <o

As expected, oy.1)yy(0,Y) is only dependent on the primary unknown of the contact

problem, the normal contact stress S(Y).

3.2 Multiferroic Structure

The moving contact problem of the multiferroic structure is shown in Figure 3.3. An
arbitrarily shaped rigid loading agent is moving with a constant velocity V and is in
contact with MEE coating of total thickness of 4.. The MEE coating is bonded to an
elastic half-plane by utilizing elastic buffer layers. In the composite structure, the
MEE coating and the buffer comprise N and M numbers of sub-layers, respectively.
In the numbering of the layers, the counter, i=1, is reserved for the half-plane;
iI=2,...,M+1, stand for elastic buffer layers; and i=M+2,...,N+M+1, correspond to
MEE layers. The composite medium is in a state of plane strain. Normal and

tangential forces transferred by the contact are respectively denoted by P and Q.

It is assumed that Coulomb’s friction law is applicable for the contact between the
MEE coating and the punch. The tangential force, Q, is specified as 7P, 7 being the
coefficient of friction. The entire surface z=0 is electrically and magnetically
insulated. The coordinate system x-z is fixed, whereas the system X-Z is attached to
the moving punch. In the moving coordinate system, the contact region extends from
X=0 to X=b.
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h:wj ¥ M + 1

Elastic Layers

Elastic Substrate 1

~_ -

Figure 3.3. Geometry of general moving contact problem of multiferroic

heterostructure.

All layers and the half-plane are assumed to be transversely isotropic with z-axis,
i.e., z is the axis of symmetry and shows the poling direction. Constitutive relations

for all MEE and elastic sub-layers and the substrate are expressed by the following

representations:

Oliyxx Cima Cipa O iy

Ty (=|Cins Ciyss 0 Eim [ i=1..,M+1 (3.104)

O-(i)xz 0 0 C(i)44 2‘5‘(i)xz
Oy Cimw Cips O || & 0 € €, 0 fim He
O-(I)ZZ C(i)13 C(|)33 0 g(I)ZZ -1 0 e(|)33 {E() }_ 0 f(|)33 {H() }’
Oy 0 0 Cias |[266pe| |Cips O fiis O

i=M+2,...,N+M +1],
(3.105)
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(3.106)
f g(i)xx
{B(i)x}_|: 0 0 (i)15:| . +|:g(i)11 0 :|{E(i)x}+l:/u(i)ll 0 :|{H(i)x}
- (i)zz !
By fipr fie O ) 0 Guws || By 0 s [|Hip
g(i)xz
i=M+2,.... N+ M +1],
(3.107)

The variables, 6k, €k Eciyy» Hiyy» Dy and By, respectively denote stress, strain,
electric field, magnetic field, electric displacement and magnetic induction. The
material parameters cgyr, ey f(l.)jk, gy /)’(i)jk and Heoi stand for elastic,
piezoelectric, piezomagnetic, and magnetoelectric  constants, dielectric

permittivities, and magnetic permeabilities. Strain, electric and magnetic fields can

be written as

i) W) 1( Uy oW, .
Eiro =2 e =L, e =] 24— | =1, N+M+1  (3.108)
OX 0z 2\ oz OX
E :_% E :_% H :_aw(‘) H :_al//(i)
(i)x ox | o oz | o o 2 (3.109)

i=M+1,...,N+M +1.

where u; and w; represent displacement components in x- and z-directions,

respectively. The functions ¢(i) and W, are electric and magnetic potentials. The

equilibrium equations for i" layer are written as

2 2
00 0011 0Uyy 00, 00, 0"W;,

* =P o * =P

> ci=1... N+M+1,
OX oz ot OoX 0z

(3.110)
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where p is density, t is time. Maxwell’s electric and magnetic equations for MEE

layers

aD(l)x aD(|)z 8B(I)X aB(I)Z .
—+——=0, ——+—=—=0, i=M+2,.,N+M+1.  (3.111)
OX oz OX oz

are satisfied in terms of components of electric displacement, Dy;);, and magnetic
induction, B(;,. The governing partial differential equations (PDEs) are obtained by

substitution of Egs. (3.104)-(3.107) into Egs. (3.110) and (3.111).

Fuy . Oy Owy _ Oy
Cim 2 T S 52 (G * e Pz 1=heM+L (112)
0u o'W, 0w o'Wy
(C<i>1s+c(i>44)@+c<i)44 52 im oz =Py e 1=heeMAL (3113)
ou, ou, o*w, 0’4,
() () () l)
Cip Py +Cijag o2’ +(C(i)13+c(i)44) oxez +(e(i)15+e(i)3l) oxC1 3110
foo+f Wo_, M+2,..,N+M+1 |
(s + fir) oxaz P 1TV TS RS
ouyy 0w oW O O
(C(')13+C(i)44)8x62 +Ciyas o +Ciyss P +€iys o € o’
o s o (3.115)
(i) (i) _ M i
+ f(i)15W+ fis po P et =M +2,.,N+M +1,
o%u,, o*w, o*w, 0’4,
(i) (i) () ()
(e(i)15+e(i)3l)%+e(i)15 PR [, = Bip pYe (3116
o*g, oy, oy, |
() () (i) -
_ﬂ(i)33?_ g(i)llW_ g(i)BS? =0, 1I=M+2,.,N+M +1],
2 2 2 2
(f )‘3“0)+f Oy ¢ DMy O
(i)l5 (i)3l axaz (i)15 aXZ (i)33 azz (i)ll axz (3 117)
o4 vy vy |

~ Y o7 Hiya o2 Hiiyz oz =0, 1I=M+2,.,N+M+L.
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Due to the steady-state motion (constant speed) of the loading agent V, the model

has become tractable by introducing Galilean transformation.

x=X+Wt, z="7.

(3.118)

In this step, it is appropriate to switch the moving coordinates by means of the

functions below in order to eliminate time dependent terms in the governing PDEs.

Uy (x2,t)=U (X,Z), i=1..,N+M+1

W

) (x,2,t)=W

(X.Z), =L N+M 4L
¢(i)(x,z,t):CD(i)(X,Z), i=M+2,..,N+M +1,
y/(i)(x,z,t):‘P(i)(X,Z), i=M+2,...,N+M +1,

G (X 2) =00 (X, Z), =L, N+ M +1,
O (X, 28) =0, (X,Z), i=L., N+ M +1
O (% 2) =00 (X,Z), =L, N4+ M +1
Dy (% 2,t) =Dy (X.Z), i=M +2,.,N+M +1,
Dy (% 28)=Dy, (X,Z), i=M+2,.,N+M +1

B(i)x(x’zlt): Bii)x (X,Z), i=M+2,..,N+M +1,

B(I)Z(X’Z’t):B(l)z(X1Z); |:M+2,,N+M +l

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)

(3.124)

(3.125)

(3.126)

(3.127)

(3.128)

(3.129)

One can then update the wave equations and Maxwell’s equations in X-Z coordinate

system utilizing the time independent unknown functions.
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20 Y, Yy My _,
(C(i)ll_ﬁ’(i)c(i)44)W+c(i)44 27° +(C(i)13+c(i)44)mzo’ 1=1..,.M+],

(3.130)
il AWy, Wy
(Gpa* C(i)44)w (141 >z Gm gz 0 1=k M+l (3131)
.. Y el oW
(C(i)ll - ﬂ’(i)c(i)44 ) W + C(i)44 ? + (C(i)l3 + C(i)44 )ﬁ
) , (3.132)
0 Yo _g
+(e(i)15 +e(i)31)m+( f(i)15 + f(,)sl)m =0, i=M+2,....,.N+M +1],
U, oW, oW, 0’®,,
(i) 2 (i) (1) (i)
(C(i)lS + C(i)44) oX oz + C(i)44 (1_ ﬂ“(i) )W - C(i)33 072 + e(i)lS oX 2 (3.133)
Py ¥y, ¥y, |
+e(i)33 ?'F f(i)lS W_'_ f(i)33 ? = O, =M+ 2,..., N+M +1,
Ny, Wy oW il
(e(i)lS + e(i)31) X oz +€iys X2 + €y 0z _ﬂ(i)ll oX 2 (3.134)
il ¥ My, |
_ﬁ(i)SS 0Z?2 _g(i)ll oX 2 —g(i)%?:O, I=M+2,.,N+M+],
2 2 2
(f L )a Y , azw(i)+f aw(i)_g R
(i)15 (i)3l ax az (i)15 ax 2 (i)33 az 2 (i)ll ax 2 3 135
GEOY Y, oY, (4139
_ (i) i _ (i)
g(i)33 azz

(i gx 2 ﬂ(i)33?=0, i=M+2,..,N+M +1,

where 4, stands for the dimensionless punch speed relative to the i layer and it is
specified as

V .
A= i=1..N+M+1. (3.136)
(i)

NS/ P
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Application of Fourier transformation in X-direction degrades the governing PDEs
into ordinary differential equations and then, the general solutions of displacement,

electric and magnetic fields

i=1 k=2,
K
U(i)(x,z)zzi [ Y6, g, —o<X <0, i=2..,M+Lk=4,
e i=M+2,..,N+M+1 k=8,
(3.137)
e i=1 k=2,
(5, Z+1£X) .
m@(xz)zzgjzy%nﬁme“ d¢, —o<X <o,  i=2,.,M+1 k=4,
e i=M+2,.,N+M +1 k=8,
(3.138)
—1 136, R, 219y X <00, i=M+2,.,N+M +1 k=8
_ZL,Z; iR £ —o<X <o i=M+2,.,N+M+1 k=8,
(3.139)
© K
¥, (X,Z) zijZG Yo 8, o< X <on, i=M +2,.,N+M +1 k=8,
2 —0 j=1
(3.140)

are obtained. s(;, are the j'" root of the characteristic equation of it layer and ('is the

transformation variable. Egs. (3.130) and (3.131) are rewritten in the matrix form.

=¢ (€ = A Ciipaa) * S Cpee 188 ) (Clis + Cligas)

2 o021 ML
1€'85) (Cs + Clipaa) =6 Clipaa (1= 2)) + 83,

(3.141)

s, Tor elastic layers are explicitly given by:

V2 P TP N2 [ Pap ™ P
_—7—|§|’ Say2 :_7—|§|’ (3.142)
Pay Pay
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—— oo
:£m| 2 s ﬁum, i=2,..,M+1, (3.143)
2 ¢(|)3 2 (D(i)S

(i
2 \/q) \/¢ Dii _\[¢i i
S(i)3 :§M|§|7 Sy :—%MKL i=2,...,M+1, (3.144)

Pliys

2

__ 12 92 A2 _ _ H
Pi = i) CijsaCligas ~ Ai)Ciaa  CiCipas ~ Clis ~ 20paCipaar 1 =1 M 41, (3.145)

_ 14 .2 2 _ 4 3 4 4 _ 2 2
Pie = Ai)CliyaaCioyae ~ 20 CiipaaCiyas + A Cias 2’%% 1CliaCpaa *+ 2270 CpaCpsClyen
2 2 2 .2 2 2 2 2 2
+4c.) (:(.)44 +2/I(.)c.) c(.) oCiyaa +2/1.)c(i) ()24 +4/’L() (i123C1)3aC(i a4 +44° (i) CipaC ()44
2 2
+ A2 CissClias + ClnsCias ~ 26 uiCisCinas ~ A6mCmsCinasCiopes — ACChssCles
+ (i)13+4c(i)13c(i)44, i=1...,M+]
(3.146)
Piys = +/Ciy3Ciyea i=1..M+1], (3.147)
R(Su:8,) <0, R(Sy1,8;5) >0, R(S,,8,) <0, i=2,..,M+1. (3.148)
For MEE layers, Egs. (3.132)-(3.135) in matrix form
_CZ(C‘H_ (ZiC’44)+s(2i)C(i)44 ICS(i)(C(i)13+C(i)44) |§S (e 15+e( 31) |§S (f s+ f( )31)
1485y (Cipa + Ciyaa) ¢ )44(1_)“2)"'520(:“)33 -¢* ei)15+si)e(i)33 _;Zf(i)15+s(2i)f(i)33 -0
Ié]sl (e(| 15 +e(i)31) § &i 15+S() (i)33 é,zﬂ(i)n_s(zi)ﬂ(i)ss é,zg(i)n_s(zi)g(i)ss
1) (Fiis + fijan) = flins + 5 )f(.)33 gzg(i)ll_s(zi)g(i)BS élzﬂ(i)u_s(zi)ﬂ(i)aa
(3.149)

are provided and s(;); for MEE layers are numerically calculated by inserting material
properties. Note that the determinant of Eq. (3.149) leads to eight roots in total s,
(=M+2,...,N+M+1, j=1,...,8) and the analyses on s, reveal that there are three

possibilities which may affect the displacement, electric and magnetic fields.

S =My ¢S =—na|¢]. 8 = [¢], 5 =1, <] 1=M +2,, N+ M +1, (3.150)
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Sis = ni3|§|1si6 :_ni3|§|’5i7 = ni4|§|’5i8 :_ni4|§|v i=M+2,.,N+M+1 (3.151)
iR(s(i)l,s(i)3,s(i)5,s(i)7)>O, ER(s(i)z,s(i)4,s(i)6,s(i)8)<O, i=M+2,.,N+M +1.(3.152)

These sy, (i=M+2,....N+M+1, j=1,...,.8) may be four pairs of opposite real roots,
four pairs of complex conjugate roots or two pairs of opposite real roots and two
pairs of complex conjugate roots depending on the properties of each MEE layer in

practical computations and none of them are repeating roots (Zhou and Lee, 2012a).

The functions, F;,, R, and Yy,

e Swi (C(l)13 +Clya )

Fap; =~ =12, (3.153)
(@]
40 (14 ) + 5 Ces
14 | Cina +Cpi
F(i)j:_ 2 ()J(()123 ()244) Ci=2.,M 1L j=1..4, (3.154)
7 (1= A5 )+ 6 s
i
_ 1 - .
Roy t=—Ay By 1=M 42, N+M 41 j=1..8. (3.155)
Y

_ 2 9 ) ) )
AYI)J - _él e(I)l5 +S |)Je(|)33 é, ﬂ(|)1l - S(|)le(i)33 é/ g(l)ll — S(I)j g(|)33 ,
_42 f(')15 + S(z')l f(')33 é/zg(l)ll - S(Zi)j g(|)33 gz,u(,)ll - S(zi)j,u(l)33
(3.156)
ICS(I)J. (C(i)13 + C(i)44
By =1 1650, (e(i)ls +e(i)31) : (3.157)
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are calculated. Note that the number of roots, s, is equal to 2, 4 and 8 for elastic
substrate, i=1, elastic buffer layers, i=2,...,M+1, and MEE layers, i=M+2,...,N+M+1,
respectively. Hence, the total number of unknown functions, G, is 8N+4M+2.

These functions are determined by using the interface and boundary conditions in

the next section.

3.2.1 Interface Continuity and Boundary Conditions

The aim in this section is to find G;, functions in terms of P(¢) and Q(¢). To do that,
interface continuity equations and boundary conditions are handled. As mentioned,
the conditions must be equal to the number of unknown G;; which is 8N+4M+2.
Between elastic layers, there is no condition for electric and magnetic fields. Hence,
the continuity is assured for solely displacements and stress fields. MEE layers, on
the other hand, possess electro-magnetic fields in addition to displacement and stress
fields so the number of conditions at each interface is not equal.

3.2.1.1  Continuity Conditions along the Interfaces

In this part, we initially impose the continuity conditions along each interface . These

continuity conditions

U (X,dgy) =U g (X, 05 ) i =1 N+ M, =0 < X <o, (3.158)
W, (X0 ) =W (X, by ) i=1 s N+ M, =0 < X <00, (3.159)
On (X8 ) = Ofirez (X0 ) T=L s N4 M, —e0.< X <00, (3.160)
S (X8 ) = Tz (X)) 1=1 NEM, —0< X <0, (3.161)

O (X.dgy ) =@y (X, ) i=M+2,,N+M, —0< X <0, (3.162)
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W (Xod))= Wi (Xod ) i=M +2. N+ M, <X <0, (3.163)

-0, B X,d(M+1)):0, —w< X <o, (3.164)

(M+1)) (M+2)Z(

Dy (X0 )= Dz (X, ), i=M 42, N+ M, —0< X <o0,  (3.165)

(i+l)Z(
By, (X.diy) =By (Xodyy ) i=M +2, N +M, —0<X <0, (3.166)

N+M +1

dy= 2 hji=L.,N+M. (3.167)

j=i+l

are satisfied in the solution. Note that, Eq. (3.164) retains the continuity in D)7
and B(z12)z, When switching from elastic layers to MEE layers. Both quantities are
equated to zero since they do not exist in elastic layers. 8N+4M unknown G,

functions are found by applying Egs. (3.158)-(3.166) . The formulation in this section
is quite different than the one in Section 3.1.1.1. Normalized unknown functions with

“*’ symbol as superscript are defined.

Gy =Gppe™ ™, Gpy, =Gre™™, (3.168)

Giry; =Gy ™™, i=1.0M, j=1..4, (3.169)
Gy =Gpe™™, i=2..M, j=1..4, (3.170)
Giyynj =Gy ™™, j=1..4, (3.171)

Giry; =Gy, I=M+1..N+M, j=1..8, (3.172)
Gpy; =Gy, i=M+2,,N+M, j=1..8. (3.173)

Displacements and stresses between 1t and 2" layers are equated each other and

* * T. * * T
{G(Z)l G(2)3} is related to {G(Z)Z G(2)4} .
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G*Z)l
ot _{ 11 }1{ 101 11 } Gl 61
(*1)2 F(l)l I:(1)2 F(z)l F(z)z F(2)3 F(2)4 (3*2)3 ’
G*2)4
G*Z)l
& Caps * Sap F(1)1C(1)33 & Caps *Sap F(1)zC(1)33 G(* 1 [ J G*z)z (3.175)
* = rg . y .
Clayasa (5(1)1 + IgF(l)l) Ca)asa (5(1)2 +1g F(l)z) G(l)2 @]g -
G*2)4
I I I r
[ J=| 0 2 o (3.176)
‘@5 f2s T2 o
fan =16 Caps + S2nFnCps: N2z = 16 C2ns * S212M20C2pes: (3.177)
r(2)3 = IC:C(Z)lS + 5(2)3 F(2)3C(2)33, r(2)4 — |§C(2)13 e 5(2)4 F(2)4C(2)33’ (3178)
f2)5 = C(2)aa (5(2)1 + IgF(z)l)' f2)6 = C2)a4 (5(2)2 + |§F(2)2), (3.179)
oy = Cpaa (S + 1€ Fiags)» T = Clogae (St + 1€ Fioge ) (3.180)

Among Gy1, G2, Gay1» Gaya» Gays and Gp)a, ONE can extinguish Gy, and Gy,

and express {G,y, GZzB}T in the form dependent on {G(», GZZM}T, using four
conditions in Egs. (3.174) and (3.175).

Igc(l)lS +Supn F(1)1C(1)33 I gc(l)lS +S)2 I:(1)20(1)33 1 1T 1 1 1 1
|:q( 2)} - )2

Cioyaa (5(1)1 +14 F(l)l) Clayaa (3(1)2 +1g F(l)z) Fon Fa Fop Fop Fas Foe
(3.181)
q 2)1 q 2)2 q 2)3 q 2)4
[Q(z)}: (2 H22 2 H2) ’ (3.182)
Y25 Y20 Yoy Yo
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1
{W(z)l W(z)z} _ {q(z)l “Top Yop~ r(z)g} M2)2 Y22 T2a 2(2)4], (3.183)
- 8

Wap W] (Y25 ~T2s Y ~Tor ] [N2s = %26 T2~ %2
* 521(d2_d1) I 522(d1‘dz) *
G 21 g e\’ ™% 0 Wop W || 2207 0 G(z)2
G*2)3 0 es(2>3(d(2)_d(1)) Wiz Wy 0 es(z)A(du)‘d(z)) G(*z)4 .
(3.184)

. * * T * * T. . . .
The relation between {G(yy,  Gpy3} and {G(ry,  Gpaye} is derived with this way.

GEZ)l :!2(2)1 Z(z)z] GEZ)Z | (3.185)
G(z)a Z2p Fop G(2)4
Then, we follow the algorithm below until we reach MEE layers. At first, the

displacement components are equated at the interfaces.

G’: 1 Ca*l 2 G’;{Ll G*i+1 2 .
e Lo [l T 12w o

()3 )4 (i+1)3 i+1)4
[K }{ L L }{ b } i=2..,M (3.187)
0 I:(i)l I:(i)?:_' L0 F(i)2 F(i)4 ’ B '
[M ]_ 1 b N }— ' Policze.m (3.188)
M1 F(i+1)l F(i+1)3_, L0 F(i+1)z F(M)4 P T e :

. . . . . * * T
Matrix inversion is applied in order to express {Gy, Gyl -

*

{?z}_[oﬁ)}1[,\,,“)}{2?”)1}{0(”]1[,\,“)]{2*”2}, =2 M, (3.189)

(i+1)4

Z.. L
. (in (i)2 .
[OU)]‘[[KUJL. 7 ]J’[L(i)}]’ 1=2.,M, (3.190)
Secondly, the stress components are equated.
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LAE [Igc "o s 1 s s sSos ] i=2,.,M, (3192
o | = =2,.., , .
C(i)44( in T IC:F(i)l) Cliyas (S(i)a + |§F(i)3)

1€+ SuFanCiom 1400+ S FoneCim
(R - c ( +|§F ) (s +I§F
(i)44 \ =(i)2 ()2 ()44 \ =(i)4 ()4

I é/c(i+1 13 + S (i+1)1 F(i+1)lc(i+l)33 I é/c(i+1 13 + S (i+1)3 F(i+l)3c(i+l)33 .
S |= i=2,..,M,

C(i+1)44( i+1)L +I¢F|+1 ) C(i+1)44( i+1)3 +I§F|+1 ) .....

1€ Chuaps * SimeFieneCiones 16 s  SinaFienaCiones | s M
= ’ l=c,..,
C(i+l)44 ( i+1)2 +1 é/F i+1)2 ) C(i+l)44 ( i+1)4 +1 é’F i+1)4 )

(3.195)
O T RN N S g R
T B (7Y |
I _Zil ZiZ_ | -1 .
[U('J: [P(i)} Zii))a Zii; J{R(i)} [O(‘)} [M(i)}’ 1=2...M, (3.197)
[ _Zil Zi2_ | -1 .
Vo l=|[P] Zzi; Zii; Ry l[00] [Ng] i=2-M,  (3198)

[y J=[[00 ][] ([T ]-[¥o 1) (3.199)
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Ziys Ly 0 es(i+1)s(d<i+1>‘d(i)) 2 0 es<i+1>4(d(i)‘d(i+1)) ,
(3.200)
G*i+ Zi+ Zi+ G’:+
(rp =[ (ep A ”2] U2 o2, (3.201)
G(i+1)3 Ziss i G(i+1)4

When the last conditions between elastic layers are involved in the algorithm, the
operations change significantly. Since there are eight roots for MEE layers, eight
unknown functions present in the right-hand sides of Egs. (3.202) and (3.205). With

these equations, the displacement and stress field become continuous.
{ 1 1 :| G(*M+1)1 +|: 1 1 } GM+1)2 _
Fowap  Fvsage G(*M ) Fwae  Fvsa [|G M 1)

1 1 1 1
F(M +2)1 F(M +2)3 F(M +2)5 F(M +2)7

*

—_

*

o =

=
< <
+ +
N N
Ny O
w =3

—_
*
<
+
N
>
[}

*

O O O

(3.202)

—
<
n
S

K
=

A
< < <
+ + +
N N N
LB
(=2} S N

O O O O

*

A
<
+
N

D
[e5]
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()

Tk D O T %
< < Z
+ + +
N N N
(92} w =

*

O O O

A
<
+
N

D
=

(3.203)

O O 606 ®

where the matrix [O] appears in displacement continuity relation and defined by

1 1 Zins Zins 1 1
[O]= {F . } M+t S(M+2)2 +{F i } | (3.204)
M+t T (M+)3 Z(M 413 Z(M ) (M+1)2 (M1

At this point, one needs stress continuity relation

G(*M +2)1 G(*M +2)2
G, G, G, G,
[P] (M+l)1 [R] (M+l)2 _ [S] (M+2)3 +[T] (M+2)4 ’ (3.205)
G, G, G, G,
(M+1)3 (M+1)4 (M+2)5 (M+2)6
G(*M +2)7 G(*M +2)8

between the last elastic layer and the first MEE layer. The matrices in Eq. (3.205)
[P]. [R], [S] and [T] are found as follows:

1S Cmaps + St FinasnCovanas 1€ Comnsas + Simans Fima)sCmanyes

Pl=
" C(M+1)44( (wen T 1S Fap ) C('V'*l)““( e+ 16 Fura )

 (3.206)
1S Caps + Smame FmaneCmanss 16 Cmanps + Smama FmsnaCmayea

C(M+1)44( (M+1)2 +I§FM+1 ) C(M+l)44( (M +1)4 +I§FM+1 )

[S] _ |:Sll S13 S15 SZL7 i| [T ] _ |:T12 T14 T16 T18 :| (3208)
S21 S23 S25 S27 T22 T24 T26 T28

. (3.207)

RI-
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Sy =1 gC(M wop3 T S(M +2)i ( F(M +2)iC(M w23 T R(M +2)ie(M w2 T Y(M +2)i f(M +2)33) '

1=135,7.

Sai = Sim+2)iCmizpaa T 1€ ( Fm2)iCms2a + Rs2)i€mszns + Yms2)i fmoaps ) )
i=1357.

Ty = 16C 1213 T Sz ( Fons2iCmszs T Riwszi€mzyzs + Yims2y fmszpes ) ’

1=2,4,6,8.

Toi = Sm22)iCmsaa T1€ ( Fons2iCm2a + Rovez)Cuszps + Yimazy fmaps ) ’

i1=2,4,6,8.

Here, our purpose is to get a connection between G?Mﬂ)j,j:l,...,&

G(M +2)1 G(*M +2)2 G(M +2)1 G(M +2)2
G, G, G, G,
[U ] G*M +2)3 + [V ] G(*M +2)4 r [S] G(*M +2)3 i [T] G(*M +2)4 ’
M+2)5 (M+2)6 (M+2)5 (M+2)6
G M+2)7 G(M +2)8 G(M +2)7 G(M +2)8

Zimaas  Zmaya
Zivsap  Z(may2 | | "

[V]=|[P] +[R]|[O] "[N],
Z(M +1)3 Z(M +1)4 | ]

Now, it is time to apply Eq. (3.164) by defining [W] and [X] matrices

G(*M +2)1 G(*M +2)2

{[U]—[S]} Gy =[[T]—[V]} G2

[W] G(*M +2)5 _[X] G(*M +2)6

G(*M +2)7 G(*M +2)8
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(3.209)

(3.210)

(3.211)

(3.212)

(3.213)

(3.214)

(3.215)

(3.216)



Note that the order of two matrices in Eqg. (3.216) becomes 4x4 after the latest

manipulation. [W] and [X] matrices are explicitly provided as below.

[W] :|:Wll W13 W15 Wl7j|' [X] =|:X12 x14 XlG x18j|, (3217)
W21 W23 WZS W27 X 22 X 24 X 26 28

W; = Ié/e(M +2)31 T S(M +2)i (F(M +2)ie(M +2)33 R(M +2)ilB(M +2)33 _Y(M +2)i g(M +2)33)’ (3.218)
i=135,7.

F

Wy = Ié/f(M+2)3l +5 (M+2)i f -R

(M+2)i I(m+2)33 _Y(M+2)iﬂ('\"+2)33)’ (3.219)
i=135,7.

M+2)i (

(M+2)33

Xy = Ié/e(M +2)3L + S(M +2)i (F(M +2)ie(M +2)33 R(M +2)ilB(M +2)33 _Y(M +2)i g(M +2)33 )’ (3.220)
1=2,4,6,8.

Xy =18 f(M +2)31 + S(M +2)i (F(M +2)i f(M +2)33 R(M +2)i g(M +2)33 _Y(M +2)ifm +2)33)1 (3.221)
1=2,4,6,8.

Before jumping to the next interface, the regular manipulation is done below.
.. Ed * * k T.
Eventually, our goal of writing {G(M+2)1 Gurs Goros G(M+2)7} in terms of

% % * Ed T. - - -
{Gor2y Gumas Gure Gasns) isaccomplished. [Zy ] is the connective

matrix of these two vectors.

es(M+2)1(d(M+2)’d(M+1)) 0 0 0 _
0 eS(M+z)s(d<M+z>‘d<M+1>) 0 0
[c.]= 0 0 eS<M+z>s(d<M+z>‘d<M+1>) 0 |
. 0 0 es(mzy(d(wzrdwﬂ))

(3.222)
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_es(wz)z(d(mu)—d(wz)) 0 0 0 |
[ ] 0 es(M+2)4(d(M+1)*d(M+z)) 0 0
g =
2 0 0 es(M+2)e(d(M+1)’d(M+2)) 0
0 0 0 gtwnlfuatu) |
(3.223)
=]
Ul|-|S T(-|V
|:Z(M+2)]:[gl]|:[ []Wg ]} [[ —][X[] ]}[gz]’ (3.224)
G*M +2)1 G(*M +2)2
G, G,
vz, ,]fom ] (229
G(M +2)5 G(M +2)6
G*M +2)7 G*M +2)8

After this point, the continuousness of the displacement field and electro-magnetic
potentials are maintained by Eq. (3.226). The interface condition algorithm proceeds

for each MEE layer as follows:

Gin Gy Giiap G
G, G, G, G,
[Km] G(*I)3 +[L<i>] G(*:M :[Mm] G(*Hl)3 +[N<i>] G<*.+1)4 =Mz NEM,
(i)s (i) (i+1)4 (i+1)6
G(i)7 G(i)8 G(i+1)7 G(i+1)8
(3.226)
where [K»], [Ly], [My] and [V;)] matrices are acquired as
11 1 1]
F. F. F. F.
(O O U O L
Ki |= ,i=M+2,...,N+M, (3.227)
|: ():| R(i)l R(i)S R(i)5 R(i)7
_Y(i)l Y(i)S Y(i)5 Y(i)7 i
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1 1 1 1 ]
F. F. F. F.
(2 () () ()8
Li |= ,i=M+2,...,N+M, (3.228)
[ ()} R(i)z R(i)4 R(i)6 R(i)s
Ve Yoo Yos o Yo |
1 1 1 1 ]
I:i+ll Fi+13 I:i+15 I:i+17
[M(i)Jz R( b R( ) R( " ieM 2. N+M, (3.229)
(i+1)1 (i+1)3 (i+1)5 (i+1)7
_Y(i+1)l (i+1)3 Y(i+l)5 Y(i+l)7 1
[ 1 1 1 1 ]
Fi+12 Fi+l4 Fi+16 Fi+18
[N(i)]z R( ) R( ) R( S M2 N, (3.230)
(i+1)2 (i+1)4 (i+1)6 (i+1)8
_Y(i+1)2 Y(i+l)4 Y(i+1)6 Y(i+l)8 ]

Another matrix manipulation is done at this step in order to get rid of

* % % 5 T
{G(i)Z G(i)4 G(i)6 G(I)S} vector.

Ga)z G;+1)1 GE;+1)2
0 RIS ar 1 G|
GEIZ: :[O(i)]l[lvl(i)] GL:: +[O(i)]1[|\|(i)} GE:;:: , i=M+2,.,N+M,
G(*i)s G(*i+1)7 G(*M)8
(3.231)
(00 ]=[[ko[20 ]+ [te ]} i=M+2..N+m, (3.232)

The final continuity conditions for normal and shear stresses, electric displacement

and magnetic induction in Z-direction are given by
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G(i)l G(i)z G(i+1)1 G(i+1)2
G, G, G, G,
[P(i)] c.;(*l)3 +[R(i)] c;(*l)4 =[S(i)] G(*Hl)3 +[T(i)] G(*Hl)4 , 1=M+2,.,N+M,
(i)5 (i)6 (i+12)5 i+1)6
G(i)7 G(i)B G(i+l)7 G i+1)8

(3.233)

where [Pey], [R], [Sw] and [T, ] are introduced by

I;c 1( inCijes T Rz T 33)
+|g( Cvse + Rin€ans +Y fls _
[p(i)]: | di=M+2,..,N+M,
(e( )31+S|)1( (1€~ RinBiyes — 33)
Ig“f 1( 1 fivss = Rin9is )33) |
(3.234)
|§C e z(F Ciys TR )Ze()33+Y(i)2f(i)33)
i Cops I.§(F Cpua *+ Rl +Y(i)2f(i)15) .
R j Y P=M 2N
ce; )31+S 2( (.)ze (i)33_ (i)Zg(i)33)
Ié’f )2 ( Fi Riy2 93 _Y(i)zﬂ(i)as) ]

(3.235)

=M +3,...N+M +1,

[Si0)=

(3.236)
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=M 43 N+M+1

1283 ~ Nz (i)33_Y(i)zg(i)33)
_I§ R O O A Y(.)z/l(i)ss) |

(3.237)

In Egs. (3.234)-(3.237), only the first columns of the matrices are written for brevity.
When writing the second, third and fourth columns of [P(;] and [S;] the second
subscripts in sy, Fy1, Ry and Yy, in the first column will simply be replaced by
3,5and 7, respectively. Similarly, the second subscripts in s),, F(;y2, Rz and Y,
in the first column in [R(;] and [T{; ] are switched out with 4, 6 and 8 for the second,

third and fourth columns. The last matrix manipulations are completed to further
simplify Egs. (3.226) and (3.233).

G(*I +1)L Ga +1)2 G; +1)1 Ga +1)2
G: G; G, G,
[U(i)] " "‘[V(i)] y :[S(i)] G(*+1)3 +[T(i)] G(* PLi=M 42, N+M,
G(i+1)5 G(i+1)6 (i+1)5 (i+1)6
GE: +1)7 GE: +1)8 G(*l +1)7 G(*l +1)8
(3.238)
(3.239)

1
<
.
Il
1
1
~U
(I
1
N
.
+
1
@
[
1
O
— |
—
<
S
[l
<
+
n
=
+
<

0, ] [Ny | i=M+2..N+M,  (3240)

G(*i+l)1 G(:+1)2
G, G,
V=W [T =M a2 N, (3.241)
G(|+1)5 G(i+1)6
Ga+l)7 G(:+1)8
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]

W,

[DJm]_[Sm]Jl[E%>

]—NJ]i=M+L_

N+M,  (3.242)

Here, the normalized unknown functions with “*’ superscripts are transformed one

last time.

es(iu)l(d(iu)*d(i))

)

(*i+1)l

+1)

O O o

(i+1)3
(i+1)5
(i+1)7

1
1

0 0 °
gmg%m4m) 0 0

I R R

. 0 g% (dgeay=d)

0 0 " 4
es<i+1>4(d(i) %) 0 ‘

0 o (4 ~dii)) 0

0 0 etuli)

)
)

)6

1)2
1)4
1

8
!
g
&

1)8

, 1I=M+2,...,N+M.

,i=M+2,...N+M,

(3.243)

,Ii=M+2,...,.N+M,

(3.244)

(3.245)

(3.246)

The algorithm ends when the counter i equals to N+M. Up to this point, the number

of unknown functions is successfully dropped to four which will be determined by

boundary conditions.
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3.2.1.2 Boundary Conditions

The surface of the coating is exposed to air except for the contact region of the punch.
Both the surface exposed to air and the contact surface are assumed to be electrically
and magnetically insulated. With this assumption, the distribution of the normal

stress in contact region S(X) has become our only point of interest.

S(X),0< X <b,
O(N+M+1)2z (X’O) :{ 0( X)< 0.b<X (3.247)
nS(X),0< X <b,
O(N+M+1)xz (X’O)Z{ O(X )<O b< X (3.248)
Djvaaregz (X,0)=0, —o0< X <o0, (3.249)
By (X,0)=0, —0< X <on, (3.250)

Similar to Section 3.1.1.2, P({) and Q({) terms are introduced and the unknown

functions are written in terms of them.

b

iS(t)exp(—lgt)dt:P(g), fns(t)exp(—lgt)dt:Q(g). (3.251)

0

G(N+M+l)2 P(g)
G
(N+M +1)4 Q(g’)
=0 , 3.252
G(N+M +1)6 [ ] 0 ( )
G(N+M +1)8 0
where the matrix [@] is obtained as
-1
[®] = |:|:R(N+M+1)i| +|:P(N+M+l)i||:Z(N+M+1)j|:| ! (3253)
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[P(i)] _ S(inCijas T |§(F(.)1C(.)44 + R8s + i fis 1 ioNaMaeL
1S €6)e1 +Sip ( Finis — RipBlis Y(.)1g(.)33)
i 1 fije1 + Spin ( Fin fijss = R _Y(.)lﬂ(.)sa) |
(3.254)
1€ Clivs Sz ( Fi2Cives + Reiye€ijss T Vi f(i)33)
R]- S(i)2S(iyaa T Ié’(F(i)ZC(i)M + R8s Vi f(l)lS) 1o NeM L
Ice, 2 (F(i)ze(i)s (i2Biyea ( )33)
1< F e + 802 (F( 12 fias = Ri29is )2:“(-)33) |
(3.255)
All G(;, functions are attained in terms of P({) and Q(¢) at this stage.
3.2.2 Derivation of the Singular Integral Equation of Multiferroic

Structure

The formulation in this section starts with the derivatives of displacements and

electrical and magnetic potentials with respect to X-coordinate.

aVv(r\mvul)(x’ ) 1

IZIE(]’ oX _IZILT(}_”J. |§ZG(N+M+1)1 (N+M+1)j exp( (N+M+l)jz + ng) ;
(3.256)

i aU(N+M+1)(X,Z)_"m 1 OOI 8 o oeo(s - X)d 3.257)

ZIL]?) X _zﬁog.[) g; (N+M+1) p( (N+M +1) j § é, :

IZiLT(]) X _Izlm)z_[lgze' (N+M+1)j (N+M+1)Jexp( N+M+1)JZ+I§X) <

(3.258)
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OV nn (X, Z
Ilm (N - l)( )_Ilm_,[ IgZG N+M+l N+M+l exp( N+M+l)jz+lgx)dé/'

Z—0 oX Z-0 27

(3.259)
Further refinements are made in Egs. (3.256)-(3.259) as follows:

oW X,z) =
lim 277 (N+Ma+>12( )=IJM(X Z,t)8(t dt+j77312 (X,Z,0)5(t)dt, (3.260)

ouU X,z) = 2
lim 27 (N””(;Q( )=IUJZl(X,Z,t)S(t)dtJr_[JZZ(X,Z,t)S(t)dt, (3.261)

Oy (X:2) T 3, (X,Z,1)S(t)dt+ ]O 75, (X,Z,t)S(t)dt, (3.262)

—o0

lim2rx
Z—-0 oX

lim 2z alP(N+|\/|+1)(X’Z)

Z—0 oX

= [3a(X, 2,08 (t)dt+ [ 73, (X,Z,0)8(t)dt, (3.263)
where the functions J;, i=1,...,4, j=1,2, are defined as

3 (X,Z,1) _||mj (¢.Z)exp(-1¢ (t-2))dS, i=1...4, j=12, (3.264)

where 0;,((,2), i=1,...,4, j=1,2, are provided as

8
wy (&, Z) = coeff [ I Q’ZG(NWM)i Finam veanaiZ P], (3.265)
i=1
d S Z
@y, (é/, Z)Z coeff [ | gZG(N+M+l)i F(N+M+1)ie (N-+M+D)i ,QJ, (3266)
i=1
8
0)21 (é’! Z) = COEff ( I gZG(N+M+1)ieS(N+M+1)iZ yQJ! (3267)
i=1
8 S, Z
@2 (C, Z) = coeff [ I éVZ:G(NH\A 1€ -y Pj’ (3.268)
i=1
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S Z

8
6031 (é’! Z) = COEﬁ I gZG(N+M+l)i R(N+M+1)ie (N+M+1)i , P ,
i=1

8
SN+M+liz
6032(§,Z):C0eff IgZG(N+M+1)iR(N+M+1)ie( Q|

i=1

: sN+M+liz
@y (¢,2) = coeff IgZG(N+M+1)iY(N+M+l)ie( P,

$ S(N+M+1)iZ
Wy (g,Z)ZCOGﬁ: Ié’ZG(N+M+l)iY(N+M+l)ie( ) 'Q]
i=1

(3.269)

(3.270)

(3.271)

(3.272)

The functions in Egs. (3.265)-(3.272) are evaluated as £ — oo. The results of the

asymptotic analyses are as follows:

,l(é’Z _I szul eXp( N+M+l)(2])z) i=1..4,

155

4

@5($,2) = Py exp(s(mm)(zj)z), i=1..4,

j=L

(3.273)

(3.274)

(3.275)

where p, i=1,...,8, are the asymptotic coefficients which are calculated numerically.

After performing homologous calculations explained in Section 3.1.2, four integral

equations are derived. Among them, Eq. (3.276) is solved for the normal contact

stress S(X). Lateral contact stress oy..1).xx IS evaluated by utilizing Eq. (3.277) and

constitutive relations. Electric displacement and magnetic induction outputs are

computed using Egs. (3.278) and (3.279) and shear stress definition.

b
oS (X +lj( Py +k11tX)+77k12(tX)jS(t)dt=
T

aW(N-*—M +1) (X ’O)

oX
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b
%j( Py s (6 X )+ (1, X)js(t)dt:
0

aU(Nﬁ-M+1)(X’0) —w< X <o
OX ’ ’
1b
oS (X )+ ;j(t B (1X) 7k (1 x)js( )t =
0
a(1)(N+M+l)(x’0) —w< X <o
oX ’ ’

1 b
075 (X ;j( Pr Ky (8, X )+ 1K (8, x)js( )dt =
0

alI’(N+M-+—J.)(X’0)
oX

, —o< X <o,

(3.277)

(3.278)

(3.279)

The kernels k;, i=1,...,4, j=1,2, are called as Fredholm kernels and written as

a (6.X) = [ (1 () py)sin (¢ (t- X)) d¢,

12tY

O'—-.S

—p,)cos(& (t-Y))dg,
(1) = [ (ha (€)= p)sin (& (1Y) d¢
o (1) = (2 (€)= . Jeos(¢ (1Y) de
o () = [ (ha (€)= pe)sin(¢ (X)) ¢

o0

Ky (1,Y) Ih32(§) Ps)cos(£ (t-Y))dg

0
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(3.280)

(3.281)

(3.282)

(3.283)

(3.284)

(3.285)



41tY

O'—.S
.;>
»—\

—p,)sin(£(t-Y))d¢, (3.286)

k42(t,Y):T(h42(g“)—pa)cos(g“(t—Y))dg. (3.287)

The integrands of the kernels of the singular integral equation are given by

hi(¢)=lima, (¢,2), i=L..4,j=12, (3.288)

Z-0

The impact of punch profile on the contact region is critical. Flat, triangular and semi-
circular punches lead contact region to restrict in 0 <Y < b, while for circular punch

problem, the region is squeezed in —a <Y < b. The punch force equilibrium equation
b
[s(t)dt=-P (3.289)
0

is also implemented in the formulation since it is an essential condition in fulfilling

the physical requirements.

3.2.3 Derivation of Lateral Contact Stress, Electric Displacement and
Magnetic Induction

In order to obtain oy m1xx Dovias1)x @ad Bovis)x, the following calculations
are done as separate parts. The calculation steps of lateral stress are primarily

summarized below.

oW

(N+M+1)

8U(N+M+1)

N +M +l)1l ax N+M +l)13 az

a(D(N+M +1) f a\P(N+M +1)
N-+M+1)31 oz + (N+M+1)31 —82 )

O-(N+M+l XX (X O) +C(

(3.290)
+ e(
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aU N+M+1 aW N+M+1
O(N+M11)2z (X ! O) - C(N+M +1)13 — + C(N+M +1)33 —
X oz (3.291)
te a(I)(N+M+1) n f a\P(NJrMJrl)
(N+M+1)33 a7 (N+M+1)33 —GZ '
D X 0)=e 6U(N+M+l) e aVV(N+M+1)
(N+M+1)Z( ! )_ (N+M+1)31 + (N+M+1)33
oX oL
(3.292)
B a®(N+M+1) _ a\P(N+M+1)
ﬂ(N+M +1)33 Py g(N+M +1)33 T’
B X 0)= f aU(N+M+l) 4 f aW(N+M+l)
(N+M+l)Z( ! )_ (N+M+1)31 (N+M+1)33
X oz (3.293)
oD oY '

(N+M+1) (N+M+1)

- g(N+M +1)33 5—2 Hinm+1)33 8—2
where o (y:1)2z(X,0) and 0Uy.p.41)/0X are known from the numerical solution of
the singular integral equation and Eq. (3.277), respectively. At the coating surface,
electro-magnetic insulation occurs owing 0 D(yiz1)z(X,0)=Bnvar1)2(X,0)=0

conditions. Thus, one can write these relations in matrix form.

a\N(N+M+1)
oz o
oD C(N+M+l)33 e(N+M+l)33 f(N+M+1)33 O-(N+M+l)ZZ (X’O)
(N+M+1)
Tz =1 €Nime)as _ﬂ(N+M+1)33 “Y(Nimi)zs 0
0
ok NI f(N+M+l)33 “Onimarps TH M)
% (3.294)
-1
C( N-+M+1)33 e( N-+M+1)33 f( N+M+1)33 C( N+M+1)13
aU(N+M+l)
- e(N+M+1)33 _ﬂ(N+M+1)33 _g(N+M+l)33 e(N+M+l)31 T
f(N+M+l)33 _g(N+M+1)33 “H(N+m1)33 f(N+M+1)31

The terms in {aW(N+M+1)/aZ 6®(N+MH)/@Z 8‘I’(N+M+1)/6Z}T are CompUtEd
utilizing Eq. (3.294) as dependent on oy:p41)7z(X,0) and U (yp41)/0X and the
stress in X-direction in Eqg. (3.290) is updated as below.
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S, (t
(X,O)Z pszloﬂ:[l tzig()dt+(p9+ p4p10)SZZ(X)

G(N+M +1)XX
. (3.295)
+h][nKm(t, X)+Ky, (1,X)]S,, (t)dt, —oo< X <o,
T4
where p, and p |, are defined as
Py = C(N+M +1)13A111 + e(N+M +1)31A121 + f(N+M +1)31A1311 (3'296)
P = C(N+M +1)11 C(N+M +1)13A21 - e(N+M +1)31A22 - f(N +M +1)31A23 ’ (3-297)
-1
A A, A Conemanas  E(neminas f( N+M+1)33
Ay Dy A |= e(N+M +1)33 _IB(N +M+1)33 _g(N+M +)33 | (3.298)
B B A f(N+M a3 " Ynemiaps TH M
-1
AZl C( N+M+1)33 e( N-+M+1)33 f(N +M+1)33 C(N +M+1)13
Ay (= e(N+M +1)33 _IH(N+M +1)33 _g(N+M +1)33 e(N+|v| +1)31 [ (3.299)
Az f(N+M a3 Ynemins THNeme f(N+M +1)31

Electro-magnetic outputs are found from another set of equations as explained by the

procedures below.

ow, ob

oU
(N+M+1) (N+M+1) (N+M+1)
D(N+M+1)X (X’O):e(N+M+l)1SL o7 oX ]_ﬂ(m'\/‘ﬂ)ﬂT
(3.300)
—g 8\P(N+M+1)
(N+ML ™ oy ’
B (X 0) _f 6U(N+M+l) n aW(N+M+1) _ a®(N+M+1)
(N+M+1)X ! (N+M+1)15 oz OX (N+M+1)11
(3.301)
aLIJ(N+M+l)

~ Hinamann 8—X

Here, electric displacement and magnetic induction are defined by Egs. (3.300) and
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(3.301). The only unknown term in these equations is 0U(y..+1y/0Z and this term is

found from shear stress equation below.

aU(N+M+1) aW(N+M+1)

oD
O(N+M )Xz (X ' 0) - C(N+M +1)44 ( o7 + oX J—i_ e(N+'\" +1)15

(N+M+1)

v (3.302)
+ f(N+M+l)15 g‘—;;MH) =0 (N+m1)zz (X.0)

Since shear stress acting on the contact region is related to normal stress through

Coulomb’s friction law (0(N+M+1)XZ(X,0):UU(N+M+1)ZZ(X,0)), one can write the

following relation.

aU(N+M+1) M9 (nsm)zz 6W(N+M+1) €N M1y aq)(N+M+1)

oz S X _c( oX

N+M +1)44 N+M +1)44 (3 303)
_ f(N+M +1)15 a‘P(N-¢—M +1)
C(N+M +1)44 ax

When Eq. (3.303) is substituted in Egs. (3.300) and (3.301), electro-magnetic outputs

are derived.

(X70)=_(p12p5+ p13p7) Pis j- S,, (t)dt

D(N+M+1)X T bl t— X
+77p15(p11_ P, P — p13p8)SZZ (X)
o p . (3.304)
_%[[Ksl(t X))+ 1Ky (1, x)]SZZ (t)dt
PisPis |
_%[[Ku(tv X)+nKe (t, X)] Sz (t)dt, —co <X <eo,
1
B(N+M+1)X (X’O):_(p13 P +7E)15 p7) P J. Stzig)dt
]
+77p17 ( p14 - p13 p6 - p15 pg)szz (X) (3 305)

1
Pl £[K31(t, X )+ 7Kg (t, X ) ]S, (t)dt

1
~ BB [[Kay (6 X) +7Keg (6 X) ]85 (1)t —o0 <X <0
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where the constants, p, i=11,...,15, are provided as

2
€ €
(N+M+1)15 (N+M +1)15
P = v Pp ="+ ﬂ(N+M +H)117 (3.306)
C(N+M +1)44 (N+M +1)44
_ e(N+M +1)15 f(N+M +1)15 _ f(N+M +1)15 3.307
Pz = + g(N+M+l)11’ Pp=""- ( . )
C(N+M+1)44 (N+M +1)44
.I: 2
_ (N+M+1)15
Pis =+ Unemanr (3.308)
C(N+M +1)44
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CHAPTER 4

NUMERICAL SOLUTION OF SINGULAR INTEGRAL EQUATION

In this chapter, our focus is on the numerical methods for the solutions of different
punch problems. Orthogonal polynomial expansions by favour of Jacobi
polynomials with appropriate weight functions are described for four punch profiles.
In what follows, a collocation tecnique is applied to calculate the coefficients of

orthogonal polynomial expansion.

4.1 Flat Punch Problem

Underneath the flat punch, normal displacement remains constant in the moving
coordinate. The derivative of the normal displacement then becomes zero in the
contact region. At both end points, we observe sharp peaks in the displacement of

the uppermost layer.

4.1.1 Multi-layer Model

Figure 4.1 depicts the elastic structure loaded by moving flat punch. The problem is
also called as complete contact problem as the contact region is not affected by the

applied force.

aU(N+l) (O’Y)

=0, 0<Y<bh. (4.1)
oY

In the solution of singular integral equation, we first normalize the interval in Y-
coordinate to —1 and 1. Variables and functions are also affected by this normalization.

New variables and functions are provided below.
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Y=95+9, t=9r+9, Kij(r1s):Ekij(Er+E’ES+9j, i=12j=12 (42)
2 2 2 2 2 2 2 2

(4.3)

|

Substrate

Figure 4.1. A moving rigid flat punch on FGM coating with arbitrary spatial

variations of material properties.

These normalized quantities form the new version of singular integral equation.

( Py +K11(r,s)+77K12(r,s)jSXX(r)dr:O, —-1<s<1. (4.4)

11
17 P,Sxx (S)"';I r—s

-1

Equilibrium equation is also updated as below:

J.Sxx (r)dr=-2. (4.5)

According to the function theoretic analysis (Dag, 2001), the unknown normal stress

is expanded into the series of Jacobi polynomials.

0

Sex (5)=w(s)Y AP (s), ~1<s<1, (4.6)

n=0
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w(s)=(1-s)" (L+s)". 4.7)

where 4, represents the unknown coefficients, P (s) is the n™ order Jacobi
polynomial, and w(s) is the weight function. The normal stress Syy(s) possesses
singularities at the end points. The powers of the stress singularities are obtained by

function theoretic method (Erdogan, 1978).

a, = 1arccot(—n—pz}, a, = iarccot[”—pZ]. (4.8)
7 P T P

Note that both «, and «, are negative and in between —1 < (a,a,) < 0 because of the
sharp end points of the flat punch. When Eq. (4.6) is substituted into the normalized

singular integral equation, the following functional expression is found.

iﬁh{ mPn<‘la1,—az>(s)+%[zln(s)+22n(s)]}zo, ~1<s<1, (4.9)

n=0

Z,(s)= .l[Kn(r s)w(r)P{ ) (r)dr, Z,, (s nj Ky, (1, s)w(r)P{®“)(r)dr. (4.10)

-1

Using orthogonality properties of Jacobi polynomials and Eq. (4.5), we calculate the
first coefficient of expansion 4,,.
2sin(7(1+¢,))

A =- . (4.11)
T

Inserting the collocation points below into Eq. (4.9) and changing the upper limit of
summation symbol with N, convert the functional equation into a linear system in
terms of unknown coefficients of expansion. Then, matrix inversion is applied and

the coefficients are obtained that means all quantities can be calculated.

[(Zi—l)ﬂ'j :
s, =cos| ———— |, i=1..,N,. (4.12)
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At the ends of the rigid flat punch, mode-I stress intensity factors can be calculated

as
- 0,Y - 0,Y
Kk, (0)=1lim U<N+}jxxa( ), Kk, (b)=lim (BT . ) (4.13)
Y0 29y % Y —b 2% (b—Y) 1
In the nondimensional form, they are expressed by
y)az o
( 2 1 t (eq,05)
K, (0)= k,(0)=—= pra)(-1), 4.14
V)al N
( 2 13 (q,@2)
K, (b)= k (b)=—= pla@2) (1), 4.15

Recall that the lateral contact stress expressed by Eq. (3.103) should be normalized

in the following form.

0,5 I 8P + (3K
G(N+1)YY( ) 817 ISXX (r)dr+ : ( o l))Sxx (S)

Sy (s)= -
ol (K(N+1)+1)7Z'—1 ra8 (% +1) (4.16)
1
+LJ[UK21(r,s)+Kzz(r,s)]sxx(r)dr, o< S <m,
(K(N+1)+1)7Z,1

41.2 Multiferroic Structure

In this section, the numerical solution procedures for multiferroic structure loaded
by the flat punch are outlined. The displacement derivative dictated by the rigid flat
punch is equated to Eqg. (3.276). The schematic of the problem is illustrated in Figure
4.2.

aVV(N+M+1) (X’O)

=0, 0<X<bh. (4.17)
oX
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Figure 4.2. A moving rigid flat punch on FGM MEE coating with arbitrary spatial

variations of material properties.

It is required to normalize the interval in X-direction from (0,b) to (—1,1).

X =Es+9, t=9r+9, Kij(r,s)zgkij (Er+9,95+9j, i=1..4j=12, (4.18)
2 2 2 2 2 2 2 2 2

S(bs+bJ
S(x)_"\2" "2
P/b P/b

=S, (s). (4.19)

The updated singular integral equation and equilibrium equation

1t
NP3z (S)""_j

T

(rLls+ K11(r13)+77K12 (r,s)jszz (r)dr =0, -1<s<1. (4.20)

[ S, (r)dr=-2. (4.21)
-1
are provided. The normalized contact stress

0

S;7 (s)=w(s)D> AP“(s), ~1<s<1. (4.22)

n=0
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is represented by the orthogonal series expansion of Jacobi polynomials. The
procedures (the stress singularities, determination of 4, and the collocation points)
explained in Section 4.1.1 by Eqgs. (4.7)-(4.12) are directly applied. Similar to elastic

structure problem, stress intensity factors are given by the following relations.

—0( “O(NsM )2z (

Kk, (0) = lim —M22 (X’O), k, (b) = lim x.0)

(4.23)
X =0 24 X % X=b 0% (b—X)al

Recall that the only difference in stress intensity factors is caused by the usage of
different coordinates and normalized versions of them are exactly the same as Egs.
(4.14) and (4.15). For multiferroic structures, electric displacement and magnetic

induction are calculated in addition to lateral contact stress.

O, +M + (X’O) A S r
S (5) = - BBl | ;Z_(S)dr+(pg+ P.Pi) S22 ()
. -1 (4.24)
+%j[nKﬂ(r,s)+Kzz(r,s)]szz(r)dr, —0<§ <,
v
o (5) = D (X.0)  (PioPs+ PisPr) Pis j‘szz () g
§ P/(peb) 4 L r=s
+177Pss ( P = P2 Ps — Pig ps)szz (S)
1 (4.25)
—%{[Kal(r,s)+nK32(r,s)]Szz (r)dr
PPy
- 13;[ ; £[K41(r’s)+77K42(r’5)]SZZ(r)dr’ —0<S<®,
) (S) _ B(N+M+1)x (X’O) :_(p13p5 * Pis p7) Py j‘ SZZ (I’) dr
P/(psb) Vs , F—s
+1Py; ( Prs — P13 Ps — Pis pB)SZZ (S)
(4.26)

_Mj[KSl(r,s)wKsz(f’S)]Szz (r)dr

T 5

1
__pljzpﬂ .[[K41(r,s)+r7K42(r,s)]Szz (r)dr, —o<s<o,
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where p, . and p,, are the normalization constants and defined as

Pis = Cs3 (0)/833 (0): Pr; =Css (O)/ f33 (0) (4-27)

4.2  Triangular Punch Problem

The normal displacement on the uppermost layer in contact with the triangular puch
is a linear function of the inclination angle of the punch in the moving coordinate.
For the very reason, the displacement derivative is shown up as constant. Triangular
punch indentation creates an apex in the normal displacement at the trailing end
whereas the displacement at the leading end is smoothened by the inclined shape of

the punch.

4.2.1 Multi-layer Model

Figure 4.3 shows the corresponding problem indented by the moving triangular
shaped loading agent. The displacement derivative on the surface of the uppermost

layer is given by

aU(N+l) (O’Y)

v =—tan(d), 0<Y <h. (4.28)

where @is the inclination angle of the punch.

The normalizations are done through the following substitutions.

Y :Es+9, t:Er+E, Kij(r,s)zgkij (9r+9,95+9j,i:1,2,j:1,2, (4.29)
2 2 2 2 2 2 2 2 2
b b
S| —s+—
S(Y) (2 2j

_ =5, (s). (4.30)
e 1N (0) s tan (6) o)
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Substrate

Figure 4.3. A moving rigid triangular punch on FGM coating with arbitrary spatial

variations of material properties.

Singular integral equation

1
7.5y (s)+lj(rpls+Kn(r,s)+m<12(r,s)]sxx (r)dr=—1, —1<s<l. (431)
mi\r-

is rewritten in the common form. Note that the right-hand side of Eq. (4.31) is equal

to —1. Then, the total punch force

jsxx (r)dr S (4.32)
-1 /"(N+1) tan (H)b

is updated. Eq. (4.32) proves that the problem is an incomplete contact, i.e., the
contact length b is affected by normal punch force P. In this step, Syy is expanded
with Egs. (4.6) and (4.7) but the strength of singularity at the leading end is in
between 0 < a; < 1 this time. Because, the transition of the displacement caused by
the punch indentation at the leading end is smooth. The strength of singularity at the
trailing end is chosen as a, = —a;. Therefore, the functional form of the integral

equation turns out to be
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< e 1

— 1 plare) ()4 2[7, (s)+Z, (s)]t=-1, —1<s<l. (4.33
SAl e e Az o2 o] @59
where Z,,(s) and Z,,(s) are given by Eq. (4.10). The collocation points for triangular
punch indentation differ as shown below since the equilibrium equation does not
provide a coefficient of expansion as it does for flat punch problem. Hence, the

number of collocation points must be N, +1.

s —cos| A7Y7] sy N (4.34)
' 2(N,+1) )’ e '

Once the infinite terms in Jacobi polynomial expansion are cut at N, and the
collocation points are substituted to s terms in Eq. (4.33), the coefficients of
expansion, 4,, n=0,...,N,, are calculated. Contact stress and punch force are

modified using shear modulus at the coating surface x(0) for the last time.

Sxx (S) My e @ )
O an(9)~ u(o) L) AT L AR, (4.35)
P _ Hinsny Aoty (436)

p(0)tan(6)b u(O)sin(z(1+a,))

Stress intensification occurs only at the sharp corner at Y=0 and is defined as follows:

Ki (O) = Iim(_Y%O-(N H1)XX (O Y)) = "M tan(@)(gj lim 1 S " ZAP(% “(s).

Y—0 S—o— 1

(4.37)

The normalized version of £;(0) is found below.

__ k(O Hea o
< (0= Gune (O)g/w (-2 (4.38)

Remember the last output of the analysis which should be obtained is the lateral

contact stress in normalized form.
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N+1YY(
S % =
" (S) ,U(O)tan( ) ( N+1) +1)7r,u(0)

0 S) 8p377/u N+1) j‘ Sxx
or—s

+8p4+(3—z<N+1) Hina) Sy (5) (4.39)
(I(‘(N+1) +1) 1(0)
8/“(N+1
( Kinay +l)7z,u(0)

+

.H:UKH r S)+K22 ]Sxx —00 < S <00,

422 Multiferroic Structure

The schematic illustration of the contact problem of multiferroic structure is shown

in Figure 4.4. The displacement derivative enforced by the triangular punch

oW,

(N+M+1)

oX

(%.9)

=—tan(0), 0<X<h, (4.40)

is written and equated to Eq. (3.276). After that step, normalized variables and

functions are stated as usual.

X :Es+9, t:9r+9, K;(r,s)=
2 2 )

Drs kij[9r+9,93+9j,i=1,...,4,j=1,2, (4.41)

b b
sz 5.()
c. (0)an(0) e (0)n(e)

Singular integral equation of the triangular punch problem is normalized in the

(4.42)

following form.

77p2 zz J‘( pl +K11 r S)+77K12(r S)js (r)dr:— -1l<s<],
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Figure 4.4. A moving rigid triangular punch on FGM MEE coating with arbitrary

spatial variations of material properties.

In the next task, the punch force transferred to the multiferroic structure

i 2P
J S (1) ~ cu (0)tan ()b’

(4.44)

is attained. After following Jacobi polynomial expansion procedures mentioned in
Section 4.2.1 (recasting the normal stress using Jacobi polynomials and
determination of index of singular integral equation), we are ready to reconstitute the

functional form of the singular integral equation.

i A, {——pl plree) (s)+1[z1n (s)+2,, (s)]} = _ﬁ(@’ ~1<s<1. (4.45)

- sin(7ey, ) T

Note that c¢44(0) appears as a divider in the right-hand side of Eq. (4.45). In elastic
structure formulation, we do not encounter with a corresponding term. The reason is

that the coefficients of integrands are taken into account considering P//‘(NH) and
Q/u(NH) terms as multipliers in elastic structure as given by Egs. (3.65)-(3.68)

whereas the formulation reckons P and Q for multiferroic structure in Egs. (3.265)-

(3.272). The definitions of Z;,(s) and Z,,(s) in this section are same as the ones
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given by Eq. (4.10). The relationship between the punch force and contact length is

calculated utilizing orthogonal properties of Jacobi polynomials and Eq. (4.44).

Cas (O)tzln(@)b ~sin (fzbgilal))' (4.40)
The intensity of mode-I stress caused by S,
6 (0) = im (X" 07y (X,0)), (447)
is conventionally quantified and updated in non-dimensional form.
K, (-1)= k (0) = —i A Plaea) (-]), (4.48)

c.(0)tan(6)b® 1=

Eventually, mechanic, electric and magnetic outputs in the lateral direction
representing the contact response of multiferroic heterostructures are expressed in

the non-dimensional manner.

o +M + X’O I S r
S, (5) = po (X.0) _ pf’;‘”j f_( Vi +(py + pap) S22 (5)
O

c414 (0)tan(0) s (4.49)
+%_J‘1[77K21 (r,5)+ Ky (r,s)]S, (r)dr, —oo<s <o,
(S): D(N+M+1)X (X’O) :_(p12 ps + p13p7) pls j‘ Szz (r)dr
X C, (0)tan(8)/pys T Jor-s
+17 Py ( P~ PP — Pus ps)szz (S)
(4.50)

1
~ 225 [ [y (1) 4 7Kg (115)J S5 (1)

1
__pl?;rplﬁ £[K41(r,s)+nK42(r,s)]Szz (r)dr, —o<s<om,
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r

., (5)= B (X.0) :_(p13p5+p15p7)p17jSzz(r)d
X ¢, (0)tan(6)/p,; w L r—s
+17Py ( Py — Pi3Ps — Pis ps)szz (S)

o (4.51)
T£[K31(r's)+77K32(r’s)JSZZ (r)dr

1
——pljz_pﬂ £[K41(r’s)+77K42(r'5):|Szz (r)dr’ TR<S<®

4.3 Semi-Circular Punch Problem

Normal displacement caused by semi-circular and circular punches on the surface of
the coating is a quadratic function of lateral coordinate. Hence, the displacement
derivative turns out to be a linear function. Note that this assumption is based on
Hertzian contact theory that is valid when the length of the contact zone is
considerably smaller than the punch radius R. Semi-circular punch creates a sharp

point at the trailing end and a smooth point at the leading end.

4.3.1 Multi-layer Model

Figure 4.5 illustrates the semi-circular punch problem for elastic heterogeneous
structure. Numerical solution starts with the definition of displacement derivative

induced by semi-circular punch.

aU(N+1) (O’Y )

:—i, 0<Y <h. (4.52)
oY R

The formulation proceeds with the identification of normalization functions and

parameters.

Y:Es+9, t:9r+9, Ki.(r,s)zgki. (9r+9,95+9j,i:1,2,j:1,2, (4.53)
2 2 2 2 ! 2 "2 2 2 2
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S(Y) _ o2002) ~$(9). (4.54)

Substrate

Figure 4.5. A moving rigid semi-circular punch on FGM coating with arbitrary

spatial variations of material properties.

After that step, the normalized SIE and total punch force relation are derived.

1} b
7P,S (s)+;£(rL_ls+ Ky (r,s)+nK, (r,s)jsxx (r)dr= —ﬁ(s +1), —1<s<1.
(4.55)
i 2P
[ S (r)dr=- . (4.56)
| :“(N+1)b

Determination of the index of the singular integral equation depends on the end points
of the contact led by the shape of the punch. Due to the physical shape of the punch, the
strength of singularity at the leading a; and the trailing a, ends become positive and
negative, respectively. They also meet o, = —a;, 0<a; <1 and —1<a, <0
conditions. Then, enforcing Eq. (4.6) expands the normalized contact stress. The

singular integral equation is subsequently recast into the functional form.
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b
— 1), -1 1.
R(s+) <s<

Z::Ah{ )pn<-a1,-a2>(s)+i[zm(s)+22n(s)]}:_

Sln(m//1

(4.57)

The functions Z,,(s) and Z,,(s) in functional equation are precisely identical to Eq.
(4.10). Note that parameters in the right-hand side of Eq. (4.57) are the entries in the
analyses. N, is chosen to be upper limit of Jacobi polynomial expansion. Hence, N,+1
number of collocation points as given by Eq. (4.34) must be inserted to Eq. (4.57).
Then, 4,,, n=0,...,N,, are calculated using the inversion of (N, +1)x(N,+1) matrix.

Normalized contact stress and punch force are reshaped into the conclusive form.

Sxx (S) _ Hinay

ST
ORTOLS 3)" (L+5)" 2 AR(S), (4.58)
P 4 ﬂ(Nﬂ)Ao”O‘lb

H#OR  u(O)sin(7(L+a,))R’ (4.59)

Singularity at the trailing end leads to stress concentration in mode-l. This

intensification is specified as follows:

: a H + b o o,
K, (0)=1im (=Y 07, e (O’Y)):‘u(zolﬁ (Ej lim (1-s) ZAP“ 2(s). (4.60)

Mode-1 stress intensity factor is normalized and determined in the form below.

k| (0) N+1 (y,05)
K, (0)= - plees) (L1 4.61
O ZAR D e

Finally, the stress in Y-direction is provided in the normalized form.
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sw(S)=G<N+1>w(0’S): 8Py S ()

£(0) (K +2)7(0) 73 7= r

8p4 +(3_K(N+1)) /u(N+1)

Syx 4.62
"ot 4O ) (4.62)
8lu(N+1) 1
* J.[UKZI(r’S)"'Kzz(nS)]SXX(r)dl’, —00 < § <o,

(K(N+l) + 1) 71(0) 5

4.3.2 Multiferroic Structure

Multiferroic structure under the effect of moving semi-circular punch is

demonstrated in Figure 4.6.

h(;
hy LaNiO3
I 3 ~CeO,

- L ——. 57

Silicon

~_ -

Figure 4.6. A moving rigid semi-circular punch on FGM MEE coating with arbitrary

spatial variations of material properties.

The derivative of Wy 1)(X,0) with respect to spatial X-coordinate is provided

below.

oW

(N+M+1)

oX

(X.0)

:—%, 0< X <h. (4.63)
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The parameters and functions in SIE should be modified in order to make the limits

of the integral —1 and 1 so that the numerical methods become applicable.

x =250 ¢ by, b Ki-(r,s)=9ki-[9r+9,9s+9j,i=1,...,4,j=1,2, (4.64)
2 2 2 2 ! 2 "\ 2 22 2

s(x>_3(25*2)_8

cu(0)  c(0) 7

Egs. (4.64) and (4.65) are inserted to singular integral equation and punch force

(). (4.65)

equilibrium equation.

anSZZ(S)+1J.{ F +Kll(r’s)+77K12(r’S)}Szz(r)dr:
T r=s

(4.66)
_2Rc44(o)(s+1)’ ~1<s<1,
jszz(r)o|r=—C Z(E)b. (4.67)

In the right-hand side of Eq. (4.66), normalized contact length b/R appears as
multiplier that is selected numerically as an input in MAPLE codes. The normal
stress is discretized by means of orthogonal Jacobi polynomials as
S,(8)=w(s) 20 A,P%) (s), — 1<s<l. The index of singular integral equation

is found in a similar manner explained in Section 4.3.1.

i’%{—sin Py pn(—al,—az)(5)+%[21n(S)+ZZn(S)]}=—#4(O)(s+l), ~1<s<1,

s (mey,)

(4.68)

The normalized parameter s in the above equation is replaced by s;, i=1,...,N,+1, in
Eq. (4.34). A vector comprised of the coefficients of Jacobi polynomial expansion
A={4y ... Ayx},is left alone in the left hand side by inverting (N+1)x(N,+1)
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matrix attained from Eq. (4.68). With this way, the coefficients of expansion are

found and the punch force equilibrium

Cas (FZ)) R sin(:gflzl)) R’ (1.69)
is satisfied. At the trailing end X=0, we define the stress intensification as
ki (0) = lim (=X “0y 1y a2z (X,0)), (4.70)
and normalize this quantity at s=—1 as below.
K, (-1)= Ck(((,(;t)) —;&W (D). (4.71)

And last but not the least, magneto-electro-elastic response of the structure in X-

direction is obtained by the formulae below.

(o N X,0
Sxx (S)= (N+M 1)XX( ) p3p1077'|‘ )dr+(p9+p4p10) ( )

C44(O) 4 ;
l ( . 2)
Pio — 00 00
_|__J. 77K21(r,8) Kzz(r,S) SZZ (r)dr, <SS <,

-1

0, (5) = D (X.0) __ (PioPs + PisPy ) Pig ISZZ (1) 4
§ 0)/ Py ~ Sor-s

+717 P56 ( Pii = P2 Ps — Pig ps)SZZ (S)

1 4,73
—%.[[Kal(r,s)JrnK?,Z(r,s)]Szz(r)dr @7

1
__p137[p16 J;I:K41(I’,S)+77K42 (r,s)] S, (I’)dl’, TO<S <%,
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r

Cas (O)/ Py T
+17P ( Prs = P13 Ps — Pis ps)SZZ (S)

1
_%_{[Kﬂ(r,s)m&z(fis)]szz (r)dr

. (5)= Biuawix (X:0) _ (Pubs+ PsPy) Py j Siz_(g) ]
1

(4.74)

1
——pljz_pﬂ £[K41(r’s)+77K42(r'5):|Szz (r)dr’ TR<S<®

4.4 Circular Punch Problem

Normal displacement arisen by the indentation of circular punch is same as the one
for the semi-circular punch. On the other hand, the moving coordinate is connected
to a point on the centerline of the circular punch. Thus, the trailing end is located at
a negative point (—a) in the lateral direction. At both end points, circular punch leads

to fairly blunt transition in normal displacement at the topmost layer.

441 Multi-layer Model

In this section, a periodic coating model suggested by Penkov et al. (2015) and an
FGM coating model are investigated. Penkov et al. (2015) state that the usage of the
periodic multi-layer coating demonstrated in Figure 4.7 provides high wear
resistance to the structure. The examined FGM coating model is depicted in Figure
4.8. 1t is also known that FGM structures decrease the failure problems at the
interfaces and increase the resistance against environmental stimulus effects such as

thermal, corrosive and impact. In both problems, the formulation is exactly the same.

The displacement derivative is written as follows:

aU(N+1) (O’Y)

:—i, —a<Y <h. (4.75)
oY R
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Figure 4.7. A moving rigid circular punch on periodic Co/C coating.

Substrate

Figure 4.8. A moving rigid circular punch on FGM coating with arbitrary spatial

variations of material properties.

Remember that the trailing end is placed at Y=—a point as different from other punch
problems. For this reason, the interval of displacement derivative in Eq. (4.75) and
the lower limits of the integrals in the integral equations vary in circular punch
problem. The normalization variables and functions are also affected by this incident.
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b+tra b-a b+tra b-a

Y= St =, (4.76)
2 2 2 2
K (r,5)= b+akij(b+ar+b_a,b+as+ b‘aj, i=12,j=12, (4.77)
2 222 T 2
S(b+aS b—aj
S(Y 2 2
v)_ =S, (s). (4.78)
/u(N+l) /u(N+l)

In the next stage, the normalized SIE is derived by using the transformations in Egs.
(4.76)-(4.78).

1 1
17P,S 4 (s)+;f(r|[_)ls + Kll(r,s)+nK12(r,s)ijx (r)dr=
-1
—(b;:)s—(i;fx -1l<s<l

(4.79)

By carrying out function-theoretic analysis, the unknown of the singular integral
equation Syy(s) is expanded by means of Eq. (4.6). Both exponents a; and a, in the
weight function w(s) are determined between the interval 0 and 1. They must also
satisfy a;+a,=1 relation because of the physics of the problem, i.e., the smooth

transition end points are originated by the nature of circular punch.

Hertzian contact problem in this section is an incomplete one which means the total
contact size is strongly associated with the applied force. This phenomenon brings
an additional parameter which is the position of the trailing end. Therefore, an
additional relation between a, b and Syy(s) must exist. This condition is called as the
consistency equation and it is obtained by multiplying each term in Eq. (4.79) by
(1 —s)™™ (1 + s)~* and integrating the variable s from —1 to 1. Once the necessary
simplifications are done utilizing the orthogonality properties of Jacobi polynomials,
the punch eccentricity (punch position) parameter (b—a)/R is written in terms of the

normalized total contact size (b+a)/R and the normalized contact stress Syy.
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(b-a) (b+a)

= TR (1-2a)

ZSin(ﬂ'al) 1 (4.80)

B {I [ K () + 7K (125) S5 (r)df}@—s)% (1) ds

7 -1(-1

Note that s is replaced by 2P§_“"_“2) (s) + (a; — ) in Eq. (4.79) and the following

relation is useful in the calculation of Eq. (4.80).

1
[@a=s)™(@+s)ds= Sin(’;al), if o +a,=1. (4.81)

-1

Now, substitution of (b—a)/R into Eq. (4.79) gives the final form of integral equation.

1 1
1 P2S xx (s)+;J'( plS + Kll(r,s)+77K12(r,s)jSXX (r)dr
=it

r_
sin(( m//l Jl.{

-1

(b+a) 1( o “2)(5)

— , —1<s<l
R

j[KM r,s)+7Ky, (r,5) | Sxx (r)dr}(l—s)_al (1+s)“ds=  (4.82)

Punch equilibrium equation

2P
Sy (r)dr=————. (4.83)
L[l 1) IU(N+1)(b+a)

is modified, too. Jacobi polynomial expansion of normal stress is inserted to Eq.
(4.82) and the functional equation below is obtained.

b+a)P(‘“1"“2)(s)

> ) (s)+ L[ 2, (5)+ 2 (5)] + € = O AR lcs<l
sm( ) T R

(4.84)

where C in the above equation is computed as

sm

'..p_\

{j‘ u(rs)+nKy(r, S)]S (r)dr}(l—s)% (1+s)™ds.  (4.85)
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The upper limit in the summation symbol in Eq. (4.84) is truncated at N, and the
collocation points in Eq. (4.34) are employed in the calculation of the coefficients of

expansion 4,,. Hence, the final versions of contact stress and punch force are written

below.
SXX (S) N+l &) a (q,)
1-s)"(1+s Pra2)(s), (4.86)
P =_ﬂ(N+1)A07m1 (al_l). (4.87)
#(0)(b+a)  u(0)sin(rz(cy+1))
At the last step, the lateral contact stress formula
S (S)_ (N+1YY (0 S) 8p377ﬂ N+1) j‘ Sxx
YY -
(0) ( Ko +1)7w(0) 4 r-s
8p, +(3—x,.
— (3=4tw) A Sy () (4.88)
(K(m +1) 1(0)
8
N Hin ) J.I:UK21 rs)+K22 I’S]SXX d , —00<S§<ow,
( K(n+) +1)7z,u(0) he'
is noted.

442 Multiferroic Structure

The numerical solution of multiferroic structure indented by a moving circular punch
is presented in this section. The corresponding problem is illustrated in Figure 4.9.
The displacement derivative is written as below.

oW

(N+M+1)

oX

(x.0)

:—%, —a< X <h. (4.89)

The normalized variables and functions are introduced.

97



b+as+b—a b+a +b—a (4.90)

i=1..4, j=12,  (4.91)

b+a b+a b-a b+a b-a
kij 5 r+ 5 S+ ,

K (18)== 2 2

(4.92)

LaNiO,

Figure 4.9. A moving rigid circular punch on FGM MEE coating with arbitrary

spatial variations of material properties.

Normalized terms are inserted into the singular integral equation and the punch force

equilibrium equation.

nP,S, (s)+= L Jl'{rpls+Kll(r s)+nKy, (T, S)}Szz( )dr =
+a)

(4.93)
(b > (b a) -1<s<l
" 2Rc,,(0) 2Rc, (0)’ ’
i 2P
jlszz (r)dr = 0bra) (4.94)

The consistency condition reveals the relation between punch eccentricity parameter

and total contact length and normal contact stress.
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b-a b+a

= T(l—Zal)
- 2 (O);in (ﬂal) j;{j-l[Kn(r,S)'H?Klz (I‘,S):I S,, (r)dl‘}(l—s)_a1 (1+ S)_a2 ds.

(4.95)

Eq, (4.95) is substituted back into Eq. (4.93) and singular integral equation takes the
final form.

1 1
10,5, (s)+;j1(riils - Kll(r,s)JrnKlz(r,s)jSZZ (r)dr

| [N R S T (L
(b+a)R ) (5)
=— Rc44(0) , —l<s<l.

As always, S, (s) is expanded utilizing orthogonal Jacobi polynomials and the usual
expansion-collocation technique given by Eq. (4.22) and Eq. (4.34) is applied to form

and solve the functional equation.

(b+a)R"/(s)
Rc, (0)

, —1l<s<l1.

i’*{‘ (e Pnﬁf““”<s>+$[zm<s>+z2n(sﬂ”}:‘
(4.97)

where C contains the double integral term in SIE.

C =—Sin7(;al) I{j

-11-1

[Kyu(r:8)+7Ky, (r,8) S22 (r)dr}(l-S)‘“ (L+s)™ds.  (4.98)

Normalized punch force can be evaluated using the first coefficient of the expansion
Ap.
P Aoy (e -1)

C44(0)(b+a) - Sin(ﬂ'(al—i-l))' (4.99)

99



In this very last step, normalized lateral stress, electric displacement and magnetic

induction functions are derived.

o +M + X’O I S r
S, (5) = po (X.0) pf’;‘”j f_( Vi +(py + pap) S22 (5)
]

C, (0) S

(4.100)
1
+%£[’7K21(r’5)+ Kz (r’s)]szz (r)dr, —co<s<e,
QX (S): D(N+M+1)X (X’O) :_(p12 p5 + p13 p7) plG :i; SZZ (r) dr
Cu (0)/ Py T ) r—s
+77 Py ( P = P2 P — Pus ps)SZZ (S)
) (4.101)
- PP [k (15 (1) 1)
PusPis |
_ 1;16 £[K41(r,s)+77K42(r,s)]Szz(r)dr, —00 < S <,
I, (s)= Binmax (X,0) :_( PisPs + PisPr ) Pry j‘ Sz (1) dr
X Ch (0)/ Py T L r—s
+17P, ( Py — PisPs — Pis ps)szz (S)
(4.102)

_Mj.[Ksl(r,S)'l'??Ksz(r’s):'SZZ (r)dr

T 4

1
_%_{[KM(RSHUKM(r's)]SZZ (r)dr, —eo<s <o,
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CHAPTER 5

NUMERICAL RESULTS

In this chapter, the results obtained by utilizing the procedures explained in Chapters
3 and 4 are demonstrated in tables and figures. Among the significant outputs of the
problems, the normal and the lateral contact stresses for all problems, the punch force
for incomplete contact problems, mode-I stress intensity factors at the sharp end
points, the punch eccentricity parameter for circular punch indentation and electric
displacement and magnetic induction for multiferroic structures are discussed in
detail. Note that most of the results in this chapter is published in international

journals or presented in conferences.

This section is mainly divided into 4 parts. In the first part, the results associated
with the flat and triangular punch indentations are presented in Figure 5.1-Figure
5.18 and Table 5.1-Table 5.13. The following subsection examines the contact
problems involving semi-circular shaped loading agent in Figure 5.19-Figure 5.27
and Table 5.14-Table 5.26. In the next section, Figure 5.28-Figure 5.40 and Table
5.27-Table 5.44 show the results regarding the loading cases by circular punch.
Additional analyses on elastic multi-layer structures are presented in Figure 5.41-
Figure 5.43 and Table 5.45 and Table 5.46.

The examined problems are clarified in details as below.

e The pure elastic multi-layer problems are divided into three groups.
1. The elastic FGM coating problems involve only two materials. The metal
substrate is covered by ceramic&metal FGM coating.
2. The periodic elastic coating structure, on the other hand, is formed by a silicon

substrate that is protected by repeating Co/C multilayers.

101



3. In the multi-layer elastic coating problem, a storage device which combines
diamond like carbon coating (DLC), magnetic layer (MAG), intermediate
layer (IL), soft magnetic underlayer (SUL) and Ni-P substrate is studied.

e The multiferroic structure comprises a silicon substrate. On top of that, a buffer
composed of three elastic layers is deposited and FGM MEE layer is placed at the

topmost.

For the elastic and multiferroic FGM problems, the variation of any property is
defined by power law functions.

A(X)=Ay+(A, —A)(X/h)", 0< X <h, for elastic structures, (5.1)
A(Z)=A,+(A, -A,)(Z/h)", 0<Z <h,, for multiferroic structures. (5.2)

A, &N, indicate the properties at X=h and X=0 for multi-layer model and Z=#, and

Z=0 for multiferroic structure. y symbolizes the power exponent.

5.1  Numerical Results for Flat and Triangular Punches

This section is published by the author collaborating with his supervisor in two
separate articles for multi-layer model and multiferroic structure, respectively.
(Toktas and Dag, 2022a; 2023a).

511 Multi-layer Model

Elastic structure under the effect of flat and triangular punch indentation is
investigated in this section. Nickel and zirconia are chosen as substrate-coating pair.
Note that the coating made of zirconia creates less stiff coating, i.e., shear modulus

of zirconia is less than the one for nickel.
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51.1.1 Verification

In order to verify the developed analytical and numerical procedures, the
comparisons are presented with the results available for limiting cases in the
literature. The first set of comparisons is generated by considering the contact
problem solved by Eringen and Suhubi (1975). This book presents closed form
solutions for the contact problem involving a homogeneous half plane and a flat
punch moving with a constant velocity V. The comparisons of the normalized contact
stresses are provided in Figure 5.1. Normal and lateral contact stresses are presented
with respect to the normalized coordinate s for four different values of the

normalized punch velocity A, which is defined by

A=, (5.3)

In modelling, the number of coating layers N is taken as 1. The single-layer coating
and the bonded half-plane are specified as if they possess the identical physical
properties. The homogeneous elastic body is assumed to be in a state of plane strain.
It can be seen that our results for both the normal stress Syy and the lateral stress Syy
are in excellent agreement with those provided by Eringen and Suhubi (1975) for all
considered dimensionless punch velocity values. Hence, this is deemed to be a
verification of the contact mechanics solution procedures, that are based on

elastodynamic equations and Galilean transformation.

A second set of comparisons is generated by considering the contact stresses
computed by Ke and Wang (2007) for a static flat punch (1=0) in frictional contact
with a functionally graded coating. The comparisons are shown in Figure 5.2.
Referring to Figure 4.1, the shear modulus variation of the coating is expressed as

follows:

ﬂ(x):ﬂ(h)+(ﬂ(o)_y(h))(‘—jy, 0<X <h, (5.4)
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Figure 5.1. Comparison of contact stresses for an isotropic half-plane in contact with

a moving flat punch to those given by Eringen and Suhubi (1975) (a) normal stress;
(b) normal stress in lateral direction. 7=0.0.
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Figure 5.2. Comparison of contact stresses for a graded coating whose properties are
varying with power functions in contact with a stationary flat punch to those given

by Ke and Wang (2007): (a) normal stress; (b) normal stress in lateral direction.
b/h=0.2, =—0.5, k=1.8, u(h)/u(0)=8.

Poisson’s ratio is assumed to be constant, and material properties are continuous at
the interface. The composite medium is in a state of plane strain. Total number of
sub-layers (N) used in the computations is chosen as 150. It can be seen that there is
an excellent agreement in the results generated for both of the contact stresses Syy

and Syy. Thus, our model is capable of producing highly accurate results for FGM
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coatings possessing any kind of shear modulus variation, including exponential and

power function type variations.

A final set of comparisons is generated by considering the numerical results by Balci
and Dag (2020), who solved moving contact problems involving exponentially
graded materials. The problem solved by Balci and Dag (2020) consists of a single
FGM coating bonded to a homogeneous substrate. Shear modulus and density of the
FGM coating are proportionally varied, and Poisson’s ratio is assumed to be a
constant to be able to make the problem analytically tractable. The material property

variations of the coating are represented as follows:
u(X)=pu(0)exp(yX), p(X)=p(0)exp(yX), 0<X <h (5.5)

The properties are assumed to be continuous at the interface of the coating and the
substrate. In accordance with the model developed by Balci and Dag (2020), the
dimensionless punch speed A is specified same for all the layers and the substrate.
For each sub-layer in the graded coating, the variable properties x« and p are specified
at the mid-section in our model. The comparisons of our numerical results for a flat
punch are provided in Figure 5.3 for different values of A. It can be seen that our
results agree quite well with those provided by Balci and Dag (2020). The number
of layers used in the coating N is 150. This number is determined through a
convergence analysis, whose results are tabulated in Table 5.1. Approximate error
function is introduced in order to check the convergence of the results. In Table 5.1,
the value of N is continuously increased until the error function drops under certain

value.

current value — previous value
_ P 100, (5.6)
current value |

a

The optimum value of N is determined as 150 since the approximate error is less than
1% for both of the stress components in Table 5.1. In order to save time in the
analyses, the number of collocation points &, is chosen as 20. Convergence can also

be checked comparing the first 4, and the last coefficient of expansion 4, . If the
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ratio of these coefficients (4,/A4y,) is greater than 50, it means that the necessary

level of convergence is reached.

Table 5.1. Number of layers, stresses, and percent approximate errors computed at
s=0 for a graded coating whose properties are varying with exponential functions in
contact with a moving flat punch. b/h=0.4, 7n=0.3, x=1.8, u(h)/u(0)=1/6,
p(h)/p(0)=1/6, 1=0.4.

N Sxx(0) €q Syy(0) €q
10 -0.4450 - -1.4012 -
50 -0.4348 2.35 -1.5498 9.59
100 -0.4335 0.30 -1.5714 1.37
150 -0.4330 0.10 -1.5787 0.46
200 -0.4328 0.05 -1.5823 0.23
0 2

0.5
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93] 0
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Figure 5.3. Comparison of contact stresses for a graded coating whose properties are
varying with exponential functions in contact with a moving flat punch to those given

by Balci and Dag (2020): (a) normal stress; (b) normal stress in lateral direction.

b/h=0.4, 7=0.3, k=1.8, u(h)/u(0)=1/6, p(h)/p(0)=1/6.

Comparisons of our results to those computed for a triangular punch by Balci and
Dag (2020) are given in Figure 5.4. Again, there is a very good agreement. Hence,

the developed procedures lead to numerical results with a high degree of accuracy.
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Figure 5.4. Comparison of contact stresses for a graded coating whose properties are
varying with exponential functions in contact with a moving triangular punch to
those given by Balci and Dag (2020): (a) normal stress; (b) normal stress in lateral
direction. b/h=0.2, n=0.3, x=1.8, u(h)/u(0)=1/6, p(h)/p(0)=1/6.

5.1.1.2  Parametric Analyses

To prove the superiority of the multi-layer model in the present study over the single
exponential layer model by Balci and Dag (2020), Figure 5.5 is presented for elastic
structure in Figure 4.1 loaded by a frictional moving flat punch. In this set, the model
parameters are taken as b/h=0.2 and 7=0.3. Both x(X) and p(X) vary exponentially
as given by Eq. (5.5) in the single-layer model, whereas the multi-layer model is
more proficient and is able to take care of more general distributions given below.

Notice that three exponents, y, (i=1,2,3), are unequal that indicates nonproportional

variations. In addition, the variation of Poisson’s ratio is incorporated into the model.

1(X)=pu(0)exp(7,X), 0<X <h, (5.7)
p(X)=p(0)exp(y,X), 0< X <h, (5.8)
v(X)=v(0)exp(y;X), 0< X <h. (5.9
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Figure 5.5. Comparison of the stresses generated by single- and multi-layer models
in contact with a moving flat punch. b/h=0.2, #=0.3. (a) normal stress; (b) normal
stress in lateral direction. Single-layer model: x(h)/«(0)=1/6, p(h)/p(0)=1/6, x=1.4;
multi-layer model: v(h)/v(0)=5, u(h)/1(0)=1/6, o(h)/p(0)=1/3.

The stress results obtained by two models are compared for an intermediate level
punch speed /4¢;y=0.3 and a high-level punch speed 4(,)=0.6. In both punch speeds,
one can observe substantial discrepancy in normal and lateral stress curves as shown
in Figure 5.5. The conclusion understood from this comparison is that the multi-layer
model is superior compared to single-layer exponential model and should be applied
in nonproportionally graded structures. Nonproportional variation is very common
due to processing techniques employed in manufacturing of FGMs whereas
proportional variation can only occur as an exception. Thus, multi-layer modelling

technique is more realistic whenever nonproportionality exists.

Referring to Figure 4.1, the properties of the functionally graded coating are
expressed in Eq. (5.1) in the new sets. The FGM coating is assumed to be 100%
Zirconia at the exposed surface X=0 and 100% Nickel at the interface X=h. Hence,
the properties become continuous and uninterrupted at the interface. The material
properties are tabulated in Table 5.2. Three properties including Poisson’s ratio vary
by power law functions and there are no restrictions especially proportionality

constraint in the variations. The power law exponents y, (i=1,2,3), are intentionally
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defined as different from each other so that nonproportionality is reached. These

exponents are presented in Table 5.3.

Table 5.2. Properties of Ni and ZrO, (Abdullaev et al., 2015; Dag, 2007; Opalinska
etal., 2015).

E(GPa) p(kg/md) v
Nickel 175.8 8902 0.25
Zirconia 116.4 5680 0.33

Table 5.3. Exponents used in parametric analyses for the functionally graded

coatings.
Metal-rich Linear coating  Ceramic-rich Ceramic
coating (MR) (LN) coating (CR) coating (H)
2 0.3 1 3 0
72 0.4 1 4 0
Y3 0.5 1 5 e

Depending on the choice of the exponents, four coatings namely ceramic-rich (CR),
metal-rich (MR), linear (LN), and homogeneous ceramic (H) are considered in the
analyses. The selection of power law exponents is a critical matter because it
determines the coating type. Now, consider a case in which all properties are
squeezed between zero and one, (0<yl.<1,i=1,2,3). The coating under these
circumstances becomes MR type. Profile variations and the coating are linear (LN)

only if y,=y,=y,= 1. The condition regarding the exponents for obtaining a CR
coating is choosing all of them greater than one (1<yl., i=1,2,3). Lastly, all

exponents must be infinity in order to vanish (X/h) term in Eqg. (5.1). Therefore, the
properties at everywhere in the coating is equal to the ones of ceramic,
AX)=A,, 0 <X <h, because (X/h)*=0 when the interval of X/h is between zero and

one.
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Numerical results concerning the coating types exposed to the contact loading by flat
punch are illustrated in Figure 5.6 and Figure 5.7. Convergence analysis whose
results are given in Table 5.4 is carried out for the CR coating. Homogenization of
CR coating with 100 layers restrains the approximate errors under 1% at the center
point of the contact, s=0. For this reason, utilization of 100 for N reveals accurate

results in this section.

Table 5.4. Number of layers, stresses, and percent approximate errors computed at

s=0 for a CR coating in contact with a moving flat punch. b/h=1, 7=0.4, (;)=0.6.

N Sxx(0) &q Syy(0) €a
10 -0.6991 - -0.8329 -
50 -0.6996 0.08 -0.8438 1.30
100 -0.6997 0.01 -0.8454 0.18
150 -0.6997 0.00 -0.8459 0.06
0.5 ‘ ‘ ‘ 1 :
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Figure 5.6. Contact stresses computed by considering FGM coatings in contact with
a moving flat punch: (a) normal stress; (b) normal stress in lateral direction. b/h=1,

7=0.4, A(1)=0.6.

As seen in Figure 5.6, Syy of CR coating is a bit large in magnitude in the central
part of the contact zone. The largest tensile lateral stress is computed for H coating
near the trailing end. Figure 5.7 indicates the alteration of dimensionless SIFs with
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Aqy- Independent of the end point, the largest SIFs are computed for H coating. That
is deemed to be a proof of the material gradation lowers SIFs and the chance of
failure due to high stress concentration. LN coating seems to cause relatively smaller
SIFs. In all cases, it is found that SIFs can be lowered when the structure is exposed

to a punch having a higher Ay value.

0.32 ‘ w T T T 0.32 .
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Figure 5.7. Stress intensity factors computed by considering FGM coatings in contact
with a moving flat punch: (a) K;(—1) (b) K;(1). b/h=1, 7=0.4.

The impact of punch speed on stresses is shown in Figure 5.8 for a CR coating loaded
by triangular punch referring to Figure 4.3. Dimensionless punch speed is especially
effectual on normal contact stress Syy. A significant drop in the magnitude is
observed when 4y is increased from 0.0 to 0.7. Lateral stress is also affected by the
punch speed in the same way to a lesser extent. The variations of SIF at s=—1 and
normalized punch force are depicted in Figure 5.9 for several values of the
coefficient of friction. It is worthy to mention that SIF and punch force are inversely
correlated with 4¢;y. The competing effect of 7 on SIF and punch force can also be
observed in Figure 5.9. SIF and punch force respond differently to the change in the
coefficient of friction. When 7 is increased from frictionless case to a highly

frictional punch, SIF drops whereas the punch force enlarges its magnitude.
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Figure 5.8. Contact stresses computed by considering a CR coating in contact with a

moving triangular punch for various values of A(;y: (a) normal stress; (b) normal

stress in lateral direction. b/h=0.5, r=0.4.

1.6

0.8

Figure 5.9. Stress intensity factor and normalized punch force computed by
considering a CR coating in contact with a moving triangular punch for various

values of 7. b/h=0.5.

The last parameter examined in this part is relative contact length (contact length to
coating thickness ratio, b/h). It is known that this parameter has a vital importance in
the contact models. The depiction of numerical results which shows the influence of
this parameter is presented in Figure 5.10 and Figure 5.11 for a ceramic-rich coating

under the effect of flat punch indentation. The magnitude of Syy evaluated for a large
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value of b/h is more than one calculated for a smaller ratio as understood from green

and black curves in Figure 5.10.

-0.5 w w w 1
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Figure 5.10. Contact stresses computed by considering a CR coating in contact with
a moving flat punch for various values of b/h: (a) normal stress; (b) normal stress in

lateral direction. 7=0.4, 4(;)=0.6.

0.32

0.31

Figure 5.11. Stress intensity factors computed by considering a CR coating in contact

with a moving flat punch for various values of 7. 1y=0.6.

Figure 5.11 displays the combined influences of b/h and 7 on mode-I stress intensity
factors. Except for the frictionless case, the curves associated with K;(1) goes
through a maximum level at certain b/h value between 0.1 and 0.3. As b/h is further
increased, we observe that K;(1) decreases for all n values. K;(—1), on the other

hand, is perpetually decreasing as a function of b/h ratio inside the examined interval.
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5.1.2 Multiferroic Structure

In all multiferroic structures, the material model proposed by Scigaj et al. (2016) is
selected. The half-plane material is chosen as silicon like in most device application.
MEE material is the combination of BaTiOz and CoFe2Oa. The buffer layers between
the half-plane and the MEE coating are yttria-stabilized zirconia (YSZ), ceric oxide
(Ce0.) and LaNiOs. This buffer not only acts like a bonding material but also
protects the silicon half-plane from the electro and magnetic fields. Thus, preserving
the silicon by creating electro-magnetic insulation is another service of the buffer.
Note that silicon, YSZ, and CeO: are isotropic; LaNiOs is cubic; and the BaTiOs-
CoFe;0O4 composite is transversely isotropic. The relative layer thicknesses are
hy,/b=0.5, h;/b=0.25,and h,/b=0.4375, as proposed by Scigaj et al. (2016). Inthis
section, the coating is assumed to be equally weighted (%50-%50) in volume fraction
of BaTiOs and CoFe20s4.

Referring to Figure 4.2, the properties of multiferroic coating are expressed in EQs.
(5.2). Multiferroic coating is assumed to be 100% BaTiO3-CoFe204 composite at the
exposed surface X=0 and 100% LaNiOs at the interface X=h.. Gradation functions
ensure the continuity in all properties at the interface. Note that all properties about
electromagnetism are equal to zero for LaNiOs. Thus, there is no jump in these
properties, too. Material parameters of each layer in the FGM MEE coating are
calculated in the mid-section of the corresponding sub-layer using the exact
gradation functions. The properties of materials in the structure are given in Table
5.5. In the parametric analyses, four coating types namely FGM1 (linear), FGM2
(MEE rich), and FGM3 (MEE richer than FGM2) and H (pure MEE coating) are

considered. The exponents of these coatings y,, i=1,...,17, are tabulated in Table 5.6.

5.1.2.1 Verification

To begin with, unprecedented procedures and methods in the present study are
verified through the results of limiting cases of the original problem in the literature.
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Zhou and Lee (2012b) considered homogeneous BaTiOs-CoFe204 half-plane that is
in contact with a frictionless moving flat punch possessing a constant speed V or a
nondimensional speed A=V/,/c44/p. The results in the present study are in good
accordance with the ones provided by Zhou and Lee (2012b). The comparison is
shown in Figure 5.12.

Table 5.5. Material properties used in the parametric analyses (set-1) (Annamalai et
al., 2018; Elloumi et al., 2013; Giraud and Canel, 2008; Golalikhani et al., 2018;
Masys and Jonauskas, 2015; MEMSnet, 2023; Suzuki et al., 2019).

Property Silicon YSZ CeO2 LaNiOz BaTiOs-CoFe204
¢11(GPa) 188.37  284.14 286.93 4055 226
c13(GPa) 5313  127.66 12891  119.2 124
¢33(GPa) 188.37  284.14 286.93 4055 216
c44(GPa) 67.62 7824  79.01  103.6 44
e15(C/m?) - - - - 5.8
e31(C/m?) - - - - 2.2
e33(C/m?) : - - - 9.3

f;s(N/Am) . . : - 275
3 (N/Am) - - - - 290.2
f,;(N/Am) - - - - 350
B, (10°C/Nm?) - - - : 5.64
po(0°Cnnd)
u, (109N /C?) - : : . 297
s (10°Ns°/C?) - : : . 83.5
plkg/m?) 2330 6090 7215 7200 5550
g,,(10"°Ns/vC) - - - - 5.367
g, (10"Ns/ve) - - - - 2737.5

115



Table 5.6. Exponents used in the parametric analyses (set-1).

Property Exponent FGM1 FGM2 FGM3 H
i 12 1 15 3.0 0
13 Y, 1 15 3.0 0
€33 Y3 1 15 3.0 0
Cy4 Vs 1 15 3.0 ©
els ¥s 1 15 3.0 0
€3 Ve 1 15 3.0 0
€33 Y7 1 15 3.0 0
i Vs 1 1.6 3.2 ©
fa Yo 1 1.6 3.2 o0
Si3 Y10 1 1.6 3.2 0
By, "1 1 1.6 3.2 0
B Y12 1 1.6 3.2 0
Ky "3 1 1.8 3.6 0
7 Y14 1 1.8 3.6 0
P Y15 1 2.0 4.0 ©
g Y16 1 2.0 4.0 00
833 Y17 1 2.0 4.0 o

Note that the dots are taken from the study by Zhou and Lee (2012b) whereas the
curves are plotted using the programs special to the present study. The model in
Figure 4.2 gives us the opportunity to calculate contact stresses for homogeneous
MEE half-plane only if a sufficiently large thickness is chosen for MEE coating.
Thus, coating thickness-to-contact size ratio (4./b) is equated to 10 so that the
effects of other layers are minimized. In Maple code, N and M values are assigned
as 1 and 3, respectively. Zhou and Lee (2012b) found that normal stress is not
affected by the variation punch speed whereas a rise in the magnitude of the lateral
stress is observed in the contact region. The results of these findings are confirmed

by our model, too.
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Figure 5.12. Comparisons of contact stresses for an MEE half-plane in contact with
a moving flat punch to those given by Zhou and Lee (2012b): (a) normal stress in Z-
direction; (b) normal stress in X-direction. #=0, h,/b=0.5, h;/b=0.25,
hy/b=0.4375, h,/b=10.

5.1.2.2  Parametric Analyses

This section starts with a new convergence analysis for FGM MEE coatings. In order
to determine the optimum number of MEE layers N, the analysis is performed by
comparing not only mechanical stresses but also electric displacement and magnetic
induction. The schematic given by Figure 4.2 is studied for FGM2 coating in the
convergence analysis. Both kinetic friction coefficient and normalized punch speed
are set as 0.3. Table 5.7 clarifies that convergence for electro-magnetic outputs is
reached slower compared to mechanical stresses and all approximate percent errors
fall below 0.5% when N=100. In conclusion, this is the optimized value used in the

analyses in this section.

Figure 5.13 explains the effects of coating type on stresses and electro-magnetic
results. In the central contact region, the smallest normal stress S, is calculated for
H coating as shown in Figure 5.13(a). Yet, near the wake of the contact, the lateral
stress Syy is obtained as tension and the biggest magnitude of the lateral stress is

found for H coating. Normalized electric displacement and magnetic induction in X-
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direction are illustrated in Figure 5.13(c)-(d). The magnitude order of Qy and Iy is
FGM1<FGM2<FGM3<H for 1<|s|. In the contact zone, the magnitudes of electro-
magnetic outputs fluctuate. Stress intensity factors for this analysis are stated in
Table 5.8. K;(—1) and K;(1) designate that the lowest values are obtained for FGM1
(linear) coating which possess the lowest MEE content in itself. SIFs at the leading
end is greater than the ones at the trailing end for all coatings which indicate that

failure is more likely to occur near the leading end.
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Figure 5.13. Mechanic and electro-magnetic results computed for different MEE
coatings in contact with a moving flat punch: (a) normal stress in Z-direction; (b)
normal stress in X-direction; (c) electric displacement in X-direction; (d) magnetic
induction in X-direction. #,/b=0.5, h;/b=0.25, hy/b=0.4375, h./b=1, 1n=0.3,
2(1y=0.3.
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Table 5.7. Number of layers, stresses, electric displacement, magnetic induction and
percent approximate errors computed at s=0 for an FGM2 coating in contact with a

moving flat punch. 4,/6=0.5, h3/b=0.25, hy/b=0.4375, h./b=1, n=0.3, 4(1)=0.3.

N Sz2(0) e, Sw(0) & Qx(0) & I'x(0) €q
10 -0.7272 - -0.7611 - -0.1834 - -0.3901 -
50 -0.7276 0.05 -0.7588 0.30 -0.1934 5.17 -0.4036 3.34
100 -0.7277 0.01 -0.7587 0.01 -0.1941 0.36 -0.4045 0.22
150 -0.7277 0.00 -0.7587 0.00 -0.1943 0.10 -0.4047 0.05

Table 5.8. Stress intensity factors computed for different MEE coatings in contact
with a moving flat punch. #,/b=0.5, h3/b=0.25, hy/b=0.4375, h./b=1, n=0.3,
/1(1)20.3.

FGM1 FGM2 FGMS3 H
K, (=1 0.2475 0.2538 0.2664 0.2867
K, (D 0.2481 0.2577 0.2746 0.2980

The punch speed is another parameter that has a bearing on the response of the
coating. In this set, the coating length to contact size ratio and kinetic coefficient of
friction are chosen as 1 and 0.3, respectively. The influence of punch speed is
especially crucial in contact stresses of FGM2 coating as illustrated in Figure 5.14.
The tendency of both stress components is to expand its magnitude in the mid-section
of the contact zone. It is also detected that electric displacement and magnetic
induction are not responsive and vulnerable to the change in punch speed. Table 5.9
implies that K;(—1) and K;(1) become really close to each other for quasi-static
punch case. However, this situation is not valid for moving punches. Another
conclusion from Table 5.9 is that both mode-1 SIFs tend to lessen as A,y increases.
In short, consideration of punch speed in contact problems is obligatory for obtaining

especially accurate mechanical results.
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Figure 5.14. Mechanic and electro-magnetic results computed by considering an

FGM2 coating in contact with a moving flat punch for various values of 4.y: (a)

normal stress in Z-direction; (b) normal stress in X-direction; (c) electric

displacement in X-direction; (d) magnetic induction in X-direction. 4,/b=0.5,

h3/b=0.25, hy/b=0.4375, h,/b=1, =0.3.

Table 5.9. Stress intensity factors computed for an FGM2 coating in contact with a
moving flat punch for various values of A¢y. h,/b=0.5, h3/b=0.25, hy/b=0.4375,

h./b=1, n=0.3.
Aty
0.0 0.2 0.3 0.4
K,(=1) 0.2699 0.2639 0.2538 0.2305
K,(1) 0.2695 0.2651 0.2577 0.2401
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Figure 5.15. Mechanic and electro-magnetic results computed by considering an
FGMZ2 coating in contact with a moving flat punch for various values of 4./b: ()
normal stress in Z-direction; (b) normal stress in X-direction; (c) electric
displacement in X-direction; (d) magnetic induction in X-direction. 4,/b=0.5,

h3/b :0.25, h4/b 204375, 77:0.3, 1(1)203

In Figure 5.15 and Table 5.10, the impact of thinner and thicker coatings is
investigated considering 4./b ratio. Again, FGM2 coating is preferred in this set.
Also note that, both the friction coefficient of Coulomb’s law and normalized punch
speed of the first layer are chosen as 0.3. The center zone in the contact stresses is
affected by the change in the coating size. The amplitude of normal contact stress
S, is directly proportionate to the 4./b ratio but one can observe the inverse of this
behavior for lateral contact stress in the contact region. The general tendency of the
curves of the electric displacement and magnetic induction is notably same. The

relevancy between 4./b ratio and electromagnetism is noteworthy as the electro-
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magnetic reaction of the structure against the contact loading become larger with a
corresponding increase in A./b ratio in almost everywhere. SIFs in Table 5.10
indicate that MEE rich structures (thicker coatings) lead to greater stress
intensifications at the sharp end points of the contact. This incident is also confirmed
in Table 5.8.

Table 5.10. Stress intensity factors computed for an FGM2 coating in contact with a
moving flat punch for various values of 4./b. h,/b=0.5, hy/b=0.25, hy/b=0.4375,
7]:0.3, /1(1):0.3.

h./b
05 0.6 0.8 1.0
K, (=1) 0.2443 0.2458 0.2496 0.2538
K, (1) 0.2412 0.2443 0.2511 0.2577

Figure 4.4 depicts the triangular punch sliding with constant speed V over MEE
multi-layer system and the pertaining results are given in Figure 5.16-Figure 5.18
and Table 5.11-Table 5.13. Due to the physics of the problem, singularity occurs at
s=—1 whereas transition at s=1 is smooth and the results converge to finite values.
Figure 5.16 analyzes the influence of the coating type on the results. Normal contact
stress S, and lateral contact stress Syy when —1 < s seem to inversely affected by
the content of MEE material in the coating. On the other hand, Syy spikes to tensile
infinity behind the wake of the punch and the sharpest peak occurs for H coating.
Both electric displacement Q, and magnetic induction I'y shoot to negative infinity
at s=—1 and reach maximum apexes at s=1. Among four coatings, utilization of H
and FGM3 coatings end up with largest electric displacement and magnetic induction
at s=1, respectively. It is inferred from Table 5.11 that lesser punch force and SIF
occur in H coating. The greatest magnitudes are evaluated for FGM1 coating that is

the poorest in MEE content among FGM coatings.
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Dimensionless punch speed has striking effect solely on normal contact stress for
FGM2 coating as shown in Figure 5.17. A rise in A(;) fetches up with drop in Sz;.
From the same figure, it is also drawn conclusion that the peaks of electric
displacement and magnetic induction lessen as the dimensionless punch speed is
boosted from 0 to 0.4. Similarly, Table 5.12 remarks that the punch speed diminishes
the punch force and SIF. Hence, one can say that the punch speed has extenuative

effects on every result as a conclusion.

0 ‘ ‘ ‘ 3 ‘
| (b)

Szz(s)
Sxx(s)

(d)

2571

257

Figure 5.16. Mechanic and electro-magnetic results computed for different MEE
coatings in contact with a moving triangular punch: (a) normal stress in Z-direction;
(b) normal stress in X-direction; (c) electric displacement in X-direction; (d)
magnetic induction in X-direction. 4,/b=0.5, h3/b=0.25, hy/b=0.4375, h./b=1,
17=0.3, A(1)=0.3.
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Table 5.11. Stress intensity factor and contact force computed for different MEE

coatings in contact with a moving triangular punch. h,/b=0.5, h;/b=0.25,

h4/b=0.4375, h./b=1, 7=0.3, 41y=0.3.

FGM1 FGM2 FGM3 H
K;(—1) 1.7536 1.6754 1.5713 1.4481

P/(ca(O)tan(6)b)  3.8019 3.5235 3.1171 2.6415

0 ‘

(a) (b)

1t [
"o 271
~
N
n 37

4t

5 w

-1 -2
3 T . . . . 6 .
(c) ¢ (d)

2 i 4+
3 1 3 2f
> o
(& 0F —~ 0r

1 2

2 -4

3 2 1 0 1 2 3 -3 2 1 0 1 2 3

Figure 5.17. Mechanic and electro-magnetic results computed by considering an
FGM2 coating in contact with a moving triangular punch for various values of
Ay: (@) normal stress in Z-direction; (b) normal stress in X-direction; (c) electric
displacement in X-direction; (d) magnetic induction in X-direction. 4,/b=0.5,

h3/b=0.25, hy/b=0.4375, h./b=1, n=0.3.
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Table 5.12. Stress intensity factor and contact force computed for an FGM2 coating

in contact with a moving triangular punch for various values of A¢y. 4,/b=0.5,

hy/b=0.25, h,/b=0.4375, h,/b=1, 11=0.3.

A
0.0 0.2 0.3 04
K;(—1) 2.0882 1.9142 1.6754 1.2844
P/(c44(0)tan(6)b) 4.1003 3.8555 3.5235 2.9932
0 3 ‘
(b)
! 151 /
O . »
w2 5
E < 15}
@ 3 o
a3t
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Figure 5.18. Mechanic and electro-magnetic results computed by considering an
FGMZ2 coating in contact with a moving triangular punch for various values of 4./b :
(@) normal stress in Z-direction; (b) normal stress in X-direction; (c) electric
displacement in X-direction; (d) magnetic induction in X-direction. A,/b=0.5,

hy/b=0.25, h4/b=0.4375, 7=0.3, A(;y=0.3.
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The influence of relative coating thickness, 4./b, is examined considering FGM2
coating in Figure 5.18 and Table 5.13. Inside the contact zone, both contact stresses
are inclined to decrease their magnitudes as the coating becomes thicker. Substantial
changes in electric displacement and magnetic induction are observed with the
variation of coating size. Thicker coatings induce greater electro-magnetic outputs
in almost everywhere. The peak at s=1 for electric displacement is more sensitive to
h./b ratio than the one for magnetic induction. Table 5.13 draws attention to the
variation of SIF and punch force with respect to 4./b . Both examined functions in
Table 5.13 are decreasing functions of coating thickness to contact size ratio. In
short, it is concluded that the energy transformed by the contact to the structure shifts

to electro-magnetic fields as the coating becomes thicker.

Table 5.13 Stress intensity factor and contact force computed for an FGM2 coating
in contact with a moving triangular punch for various values of 4./b. h,/b=0.5,
h3/b :0.25, h4/b 204375, 77:0.3, 1(1)203

he/b
0.5 0.6 0.8 1.0
K/ (—1) 1.7907 1.7681 1.7200 1.6754
P/(cyu(0)tan()b)  3.9714 3.8862 3.6988 3.5235

5.2 Numerical Results for Semi-Circular Punch

This section is presented by the author collaborating with his supervisor in Contact
Mechanics International Symposium (CMIS 2022) in Lausanne, Switzerland and
23" National Mechanics Congress in Konya, Tiirkiye for multi-layer model and

multiferroic structure, respectively (Toktas and Dag, 2022b; 2023b).

521 Multi-layer Model

Stiffer coatings are generally encountered in applications. These coatings show more

resistance against the failures caused by wear. One commonly used material as stiffer
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coating is silicon carbide which offers desirable hardness while being relatively light
weighted. In this section, such a system formed by aluminum substrate and silicon
carbide is exposed to semi-circular punch indentation in the contact problem. Note
that Young’s modulus of silicon carbide is six times greater than Young’s modulus

of aluminum.

5.2.1.1 Verification

Similar to Section 5.1.1.1, the model is verified through the contact analyses of
exponentially graded coatings done by Balci and Dag (2018b). Figure 5.19 presents
contact stresses originating from the indentation of semi-circular punch. Dotted data
is directly taken from the results provided by Balci and Dag (2018b), whereas the
results shown by curves belong to the present study. In this analysis, proportional
gradation is compulsorily thought and shear modulus and density of the structure are
six times higher at X=0 than the ones at X=h. Kolosov’s constant is accepted as an
unvarying property and other parameters are provided in the figure cation. N is found
as 150 from Table 5.14 by conducting a convergence analysis similar to previous
sections. Although there is a slight deviation in lateral stress results caused by the

highest punch speed 4=0.7, the other results match perfectly.

Table 5.14. Number of layers, stresses, and percent approximate errors computed at
s=0 for a graded coating whose properties are varying with exponential functions in
contact with a moving semi-circular punch. b/R=0.01, b/h=1, 7=0.3, x=2,
wu(h)/u(0)=1/6, p(h)/p(0)=1/6, 1=0.4.

N Sxx(0) €q Syr(0) €q
10 -0.00849900 - -0.02042753 -
50 -0.00850562 0.08 -0.02191909 6.80

100 -0.00850368 0.02 -0.02214929 1.04
150 -0.00850272 0.01 -0.02222764 0.35
200 -0.00850222 0.01 -0.02226687 0.18
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Figure 5.19. Comparison of contact stresses for a graded coating whose properties
are varying with exponential functions in contact with a moving semi-circular punch
to those given by Balci and Dag (2018b): (a) normal stress; (b) normal stress in lateral
direction. b/R=0.01, b/h=0.2, 7=0.3, k=2, u(h)/u(0)=1/6, p(h)/p(0)=1/6.

5.2.1.2  Parametric Analyses

Based on Figure 4.5, Eq. (5.1) defines the properties of the structure and removes all
restrictions about the property gradations. The FGM coating is 100% ceramic (SiC)
at the exposed surface X=0 and 100% metal (Al) at the interface X=h. Table 5.15
informs us about the properties of SiC and Al used in the analyses. The power-law
exponents are tabulated in Table 5.3. Note that, material properties are continuous at

the interface.

Table 5.15. Properties of silicon carbide and aluminum (Eshraghi and Dag, 2018).

E(GPa) p(kg/m3) v
Silicon Carbide (SiC) 427 3100 0.17
Aluminum (Al) 70 2702 0.30

Firstly, the analyses should start with a convergence analysis on a coating whose
gradation is more severe. As a sample, CR coating is preferred and the model

parameters represent relatively harsher conditions as shown in the caption of Table
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5.16. Our findings manifest that the convergence is attained in the last row of the
convergence table when N=250 since the percent error ¢, does not reduce to the
desired level under 1% until the last row. Compared to the other sections in this
study, the convergence is assured at a relatively high value of N. This is due to the
huge gradation ratio of shear modulus of ceramic and metal pair used in the analyses.
Therefore, one may conclude that the most powerful factor affecting the optimum

value of N is the choice of pair in the structure.

Table 5.16. Number of layers, stresses, and approximate errors computed at s=0 for
a CR coating in contact with a moving semi-circular punch. b/R=0.01, b/h=1, n=0.3,
/1(1):0.4.

N Sxx(0) €q Syy(0) &q
10 -0.00781299 - -0.01695857 -
50 -0.00569280 37.24 -0.01731098 2.04
100 -0.00531441 7.12 -0.01730294 0.05
150 -0.00518106 2.57 -0.01729517 0.04
200 -0.00511298 1.33 -0.01729021 0.03
250 -0.00507169 0.81 -0.01728687 0.02
0.01
(b)
0F-SZ
0.01
-0.02

-0.03

Figure 5.20. Contact stresses computed by considering FGM coatings in contact with
amoving semi-circular punch: (a) normal stress; (b) normal stress in lateral direction.
b/R=0.01, b/h=1, =0.3, 4(1y=0.4.
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In Figure 5.20, the comparisons of stress distributions for four coating types are
illustrated. Model parameters are given in the captions. By examining Syy
distributions, one may see that the homogeneous ceramic coating (H) possesses the
largest normal stress magnitude in the contact area. The values calculated for the
FGM coatings are considerably small and closer to zero. Comparatively higher
tensile stresses are computed for the homogeneous coating near the trailing end. On
the contrary, the magnitude of the stress component Syy is lower near the leading end
of the contact when the coating is homogeneous. From Table 5.17, it is found that as
the ceramic content in the coating increases, both normalized punch force and punch

stress intensity factor increase.

Table 5.17. Contact force and stress intensity factor computed for FGM coatings in

contact with a moving semi-circular punch. b/R=0.01, b/h=1, 7=0.3, i1)=0.4.

P/(u(0)R) K, (-1)
MR 0.00004726 0.00313765
LN 0.00006649 0.00402368
CR 0.00008270 0.00459226
H 0.00016631 0.00637512
0 0.01
(b)
20.005
0
@ -0.01 f &
< o001 |
o 0,015 | )
002}
2002
20,025 : : : -0.03 : : : : :
. 05 0 0.5 | 3 2 a4 0o 1 2 3

Figure 5.21. Contact stresses computed by considering a CR coating in contact with

a moving semi-circular punch for various values of 4¢;y: (a) normal stress; (b) normal

stress in lateral direction. b/R=0.01, b/h=1, 7=0.3.
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In Figure 5.21, the influence of punch speed is demonstrated for CR coating. Lateral
stress becomes greater as the dimensionless punch speed increases except for a
narrow region near s =— 1. On the other hand, opposite behavior is observed for
the normal contact stress. As shown in Table 5.18, a rise in the normalized punch
speed causes a drop in both normalized punch force and SIF.

Table 5.18. Contact force and stress intensity factor computed for a CR coating in

contact with a moving semi-circular punch for various values of ). b/R=0.01,

b/h=1, 7=0.3.

Ay P/(u(0)R) K;(=1)
0.0 0.00008893 0.00480585
0.4 0.00008270 0.00459226
0.6 0.00007402 0.00429787
0.7 0.00006764 0.00408402
0 0.01
-0.005 |
0
0.01 |
©
: -0.015 | 0.01
N
0.02
0.02
-0.025 F

-0.03

Figure 5.22. Contact stresses computed by considering an LN coating in contact with
a moving semi-circular punch for various values of b/h: (a) normal stress; (b) normal

stress in lateral direction. b/R=0.01, 7=0.3, (;)=0.4.

Another set of results is presented for the variation of contact size-to-coating
thickness ratio for LN coating in Figure 5.22 and Table 5.19. As the contact length-

to-coating thickness ratio b/h is increased from 0.1 to 2.0, the magnitude of the
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normalized stress Syy becomes smaller. The effect on the stress in Y-direction is also
seen to be significant. Largest positive peak at the trailing end of the contact is
calculated when b/h=0.1 (the thickest coating). It is found that both the contact force

and punch stress intensity factor are found to be decreasing functions of b/h ratio.

Table 5.19. Contact force and stress intensity factor computed for an LN coating in
contact with a moving semi-circular punch for various values of b/h. b/R=0.01,

77:0.3, /1(1)=0.4.

b/h P/(u(0)R) K;(—1)
0.1 0.00014872 0.00639009
0.5 0.00010356 0.00531043
1 0.00006649 0.00402368
2 0.00004332 0.00312038
0.02
0
E 0,02}
A
-0.04 |

-0.06

Figure 5.23. Contact stresses computed by considering an MR coating in contact
with a moving semi-circular punch for various values of 7: (a) normal stress; (b)

normal stress in lateral direction. b/R=0.02, b/h=0.5, 1(;=0.4.

In Figure 5.23, we show the influence of the kinetic coefficient of friction 7 on the
normalized contact stresses for MR coating. The effect of friction on especially
contact stress in lateral direction is quite impressive. Lateral stress is negative for all

values of s when frictionless contact is assumed. Black curve for frictionless contact
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in Figure 5.23(b) seems like as if it stops around -0.019 at s = — 1~, however, it must
approach to infinity if one inserts a very close number to minus one into Eq. (4.62).
As 7 is increased, tensile peak at the trailing end becomes positive and culminates
greater amplitudes. Lateral stress inside the contact region and ahead of the leading
end is always found as negative and the magnitude increases with friction. Finally,
the increase in the coefficient of friction leads to a corresponding increase in
normalized punch force and stress intensity factor.

Table 5.20. Contact force and stress intensity factor computed for an MR coating in
contact with a moving semi-circular punch for various values of 7. b/R=0.02,
b/h:0.5, /1(1)20.4.

U P/(w(O)R) K (=1)
0.0 0.00023567 0.00693993
0.2 0.00025430 0.00744500
0.4 0.00027399 0.00791598
0.6 0.00029467 0.00834619

5.2.2 Multiferroic Structure

In this section, the MEE material in the coating is assumed to be unequally weighted
in the favor of CoFe204 (%40-%60) considering volume fractions of piezoelectric

and magnetostrictive constituents based on Figure 4.6.

5.2.2.1  Parametric Analyses

Table 5.21 specifies all material properties of the heterogeneous multiferroic
structure used in the analyses. Since the volume fractions of BaTiOs and CoFe204
are not identical, another convergence analysis is required. Note that the exponents
of FGM MEE coatings are taken as the ones in Table 5.6. The obtained results of the

convergence analysis are tabulated for FGM2 coating in Table 5.22. All approximate
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errors ¢, for normal and lateral stresses, electric displacement and magnetic

induction are below 0.4% when N is equated to 100.

Table 5.21. Material properties used in the parametric analyses (set-2) (Ajdour et al.,
2016; Annamalai et al., 2018; Elloumi et al., 2013; Giraud and Canel, 2008;
Golalikhani et al., 2018; Masys and Jonauskas, 2015; MEMSnet, 2023; Suzuki et al.,
2019).

Silicon YSZ CeO2 LaNiOz BaTiO3-CoFeOq4

¢;;(GPa) 188.37 28414 28693 4055 238

¢;3(GPa) 5313 12766 12891  119.2 1335
c;(GPa)  188.37 28414 28693 4055 226.5
c.(GPa) 6762 7824 7901  103.6 44.38
okg/m®) 2330 6090 7215 7200 5500

BaTiOs-CoFe204
es(Cm?) 464 f,(WAM) 34818 4 (10°Ns/CY) 356
e (C?) 176 f,(WAm) 41982 4 (10°Ns'/C?) 982
ex(Cm?) 744 f, (10°C/Nm?) 4528 g, (10"*Ns/VC) 4546
fisOVAm) 330 p (10°CT/Nm?) 5096 g, (10"*Ns/VC)  2769.7

Table 5.22. Number of layers, stresses, and approximate errors computed at s=0 for
an FGM2 coating in contact with a moving semi-circular punch. b/R=0.01,
hy/b=0.5, h3/b=0.25, hy/b=0.4375, h./b=1, n=0.3, A(1)=0.3.

N S72(0) €q Sxx(0) €q Qx(0) €q I'x(0) €q
10 -0.02290 - -0.03101 - 0.00661 - 0.00933 -
50 -0.02290 0.00 -0.03087 0.45 0.00641 3.12 0.00904 3.21
100 -0.02290 0.00 -0.03086 0.03 0.00639 0.31 0.00903 0.11
150 -0.02290 0.00 -0.03086 0.00 0.00639 0.00 0.00902 0.11
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As comprehended from the convergence analysis, N is selected as 100 in order to
produce the output functions correctly. The results pertaining four different coating
types (FGM1, FGM2, FGM3 and H coatings) are generated as below. Figure 5.24
and Table 5.23 presents the impact of coatings on mechanic and electro-magnetic
results. In this set, thin coatings (4./b=1), are assessed for intermediate coefficient
of friction and normalized punch speed (77=0.3, 1(;y=0.3). It is established from
Figure 5.24 that normal stress in Z-direction for H coating is significantly lower than
the ones for FGM MEE coatings. For less stiff coatings like the one examined in this
section, this is an expected issue. Because the coating becomes softer as it switches
to MEE rich medium. The greatest normal stress S, is obtained for FGML1 coating.
MEE rich coatings also leads to lessening in Syy for —1 < s. Electric displacement
and magnetic induction reach to their peak levels at s=1. It is found that the maximum
electric displacement and magnetic induction are calculated for H and FGM2
coatings, respectively. According to Table 5.23, the biggest SIF and punch force
occur for FGML1 coating.

The influence of punch speed on FGML1 coating is demonstrated in Figure 5.25 and
Table 5.24. It is observed that a reduction in dimensionless punch speed causes
normal stress Syy to magnify. Electro-magnetic outputs taken place for quasi-static
case (/l(l)zo) at s=1 are found as the supreme values among the ones calculated for
four normalized punch speeds. In addition to these, enhancing 4,y level lowers both

dimensionless punch force and SIF.

It should be noted that the normalized coating length parameter (4./b) plays a
critical role in contact analyses. The results associated with this ratio are reported in
Figure 5.26 and Table 5.25. Relatively thinner coatings amplify the stress
components in contact zone —1 < s < 1. The exact opposite of this behavior is
exhibited for electro-magnetic results almost in the entire interval. In other words,
electro-magnetic activity of thinner coatings is limited with respect to thicker
coatings. It is apperceived from Table 5.25 that the coating thickness affects punch

force and SIF adversely.
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Figure 5.24. Mechanic and electro-magnetic results computed for different MEE
coatings in contact with a moving semi-circular punch: (a) normal stress in Z-
direction; (b) normal stress in X-direction; (c) electric displacement in X-direction;
(d) magnetic induction in X-direction. b/R=0.01, h,/b=0.5, h3/b=0.25,
hy/b=0.4375, h./b=1, 1=0.3, A(;y=0.3.

Table 5.23. Contact force and stress intensity factor computed for different MEE
coatings in contact with a moving semi-circular punch. b/R=0.01, 4,/b=0.5,

hy/b=0.25, hy/b=0.4375, h./b=1, =0.3, A()=0.3.

FGM1 FGM2 FGM3 H
K,(=1) 0.009281 0.008824 0.008230 0.007576
P/(css(0)R) 0.000282 0.000260 0.000230 0.000197
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Figure 5.25. Mechanic and electro-magnetic results computed by considering an
FGML1 coating in contact with a moving semi-circular punch for various values of
Ay: (@) normal stress in Z-direction; (b) normal stress in X-direction; (c) electric
displacement in X-direction; (d) magnetic induction in X-direction. b/R=0.01,
hy/b=0.5, h3/b=0.25, hy/b=0.4375, h./b=1, n=0.3.

Table 5.24. Contact force and stress intensity factor computed for an FGM1 coating

in contact with a moving semi-circular punch for various values of (). b/R=0.01,

By /b=0.5, h3/b=0.25, h,/b=0.4375, h./b=1, 1=0.3.

Aty
0.0 0.2 0.3 0.4
K,(=1) 0.011453 0.010541 0.009281 0.007197
P/(ciu(0)R) 0.000327 0.000308 0.000282 0.000241
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Figure 5.26. Mechanic and electro-magnetic results computed by considering an
FGM2 coating in contact with a moving semi-circular punch for various values of
h./b: (a) normal stress in Z-direction; (b) normal stress in X-direction; (c) electric
displacement in X-direction; (d) magnetic induction in X-direction. b/R=0.01,

hz/b :0.5, h3/b 20.25, h4/b :04375, 77:0.3, 1(1)203

Table 5.25. Contact force and stress intensity factor computed for an FGM2 coating
in contact with a moving semi-circular punch for various values of #./b . b/R=0.01,

hz/b :0.5, h3/b 20.25, h4/b :04375, 77:0.3, 1(1)203

h./b
0.5 0.6 0.8 1.0
K, (1) 0.009542 0.009391 0.009089 0.008824
P/(cu(O)R)  0.000297 0.000289 0.000274 0.000260
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Another parameter which has a key importance on the response of the structure
against contact loading is the friction coefficient. It is seen from Figure 5.27 and
Table 5.26 that each output function is affected by the variation of 7. In this set,
frictionless contact is not considered and the lowest value starts from 0.1 as shown
in the legend of Figure 5.27. The absolute values of both stress components are
increasing functions of 7. The peak levels of electric displacement and magnetic
induction at s=1 belong to green curves which correspond 7=0.7 case. Table 5.26

points out higher levels of friction originate greater P/(c44(0)R) and K;(—1).
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Figure 5.27. Mechanic and electro-magnetic results computed by considering an
FGM3 coating in contact with a moving semi-circular punch for various values of 7:
(@) normal stress in Z-direction; (b) normal stress in X-direction; (c) electric
displacement in X-direction; (d) magnetic induction in X-direction. b/R=0.01,
hy/b=0.5, h3/b=0.25, hy/b=0.4375, h./b=1, A(1)=0.3.
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Table 5.26. Contact force and stress intensity factor computed for an FGM3 coating
in contact with a moving semi-circular punch for various values of 7. b/R=0.01,
hy/b=0.5, h3/b=0.25, h4/b=0.4375, h./b=1, A1)=0.3.

Ui
0.1 0.3 0.5 0.7
K,(—1) 0.008094 0.008230 0.008337 0.008415
P/(c44(0)R) 0.000219 0.000230 0.000240 0.000251

53 Numerical Results for Circular Punch

Two articles regarding multi-layer model and multiferroic structure sections are
added to the literature by the author collaborating with his supervisor. (Toktas and
Dag, 2022c; 2024).

5.3.1 Multi-layer Model

Circular shaped punch is analyzed as the loading agent in this section. The underlayer
of the examined periodic coating is made of a silicon half-plane. Repeating Co/C
layers are placed on top of silicon as suggested by Penkov et al. (2015). In total, 21
C and 20 Co layers are deposited. Hence, total number of layers equal to 42 in this
problem as shown in Figure 4.7. The FGM coating, on the other hand, is made of
silicon carbide coating and aluminum substrate referring to Figure 4.8. Material
properties of SiC and Al employed in the analyses of FGM coatings are stated in
Table 5.15 and Table 5.3 itemizes the coating types and the power-law exponents.

53.1.1  Verification
The problem considered by Balci and Dag (2019a) consists of an FGM coating, that

possesses proportional and exponential variations in shear modulus and density. The

same exponent is selected for both the shear modulus and density. That makes A
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constant at everywhere in the structure. Kolosov’s constant is assumed to be
constant. Between FGM coating and substrate at X=h, all mechanical properties are
continuous. Considering plane strain situation, FGM coating is modelled by
employing HMLM method, i.e., N number of sublayers succeeds FGM coating. For

each particular layer, the properties are read at the centroid using Eqg. (5.1).

-3
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®  Balci and Dag (2019a)

Figure 5.28. Comparison of contact stresses for a graded coating whose properties
are varying with exponential functions in contact with a circular punch to those given
by Balci and Dag (2019a): (a) normal stress; (b) normal stress in lateral direction.
(b+a)/R=0.01, (b+a)/h=1, n=0.3, k=2, u(h)/u(0)=1/6, p(h)/p(0)=1/6.

In Figure 5.28, obtained dimensionless contact stresses are compared with the ones
provided by Balci and Dag (2019a). The variation ratio of properties between the
surface of the structure and the interface equals to six. From black to green curve,
nondimensional punch speed changes from stationary case 4=0.0, to high-speed
situation 4=0.7. An intermediate level of friction (7=0.3) is chosen for identical
contact size and coating length in the comparison. According to Table 5.27, the
optimized value of N is determined as 150. Even though there exist insignificant
differences in green curve and dotted data (4=0.7), the results in both studies agree
well for A <0.6. To sum up, HMLM is applicable to any heterogeneous structure to

identify its contact response.
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Table 5.27. Number of layers, stresses, and approximate errors computed at s=0 for
a graded coating whose properties are varying with exponential functions in contact
with a moving circular punch. (b+a)/R=0.01, (b+a)/h=1, n=0.3, k=2, u(h)/u(0)=1/6,
p(h)/p(0)=1/6, 1=0.4.

N Sxx(0) €q Syy(0) €q
10 -0.002331 -0.006283

50 -0.002249 3.62 -0.006802 7.62
100 -0.002238 0.50 -0.006872 1.03
150 -0.002234 0.17 -0.006897 0.35
200 -0.002232 0.09 -0.006909 0.18

5.3.1.2  Parametric Analyses

The initial problem solved in the parametric analyses concerns periodic coating put
forward by Penkov et al. (2015). Figure 4.7 depicts the schematic of the moving
contact problem. Consecutive Co/C nanolayers are deposited over a silicon half-
plane. This coating suggested by Penkov et al. (2015) is known to offer incredible
resistance against micro and nano level wear and surface deformation in the absence
of lubrication. The layer thicknesses of Co are specified as 5.6 nm whereas even
thinner carbon layers of 4 nm are stacked between Co layers. The total contact size
(b+a) is specified as 245 nm. Mechanical properties of components forming this
heterogeneous structure are written in Table 5.28.

Figure 5.29 displays normalized contact stresses versus dimensionless punch speed
Ay- A motionless punch (1)=0.0) and three moving punch cases (1(;,>0.0) are
taken into consideration. The deduction from other sections about the effects of
punch speed was the weakening of contact stress Syy. Same behavior is found in
Figure 5.29. Syy curves belong to separate A,y values seem close to each other.
Behind the trailing end of the contact zone, Syy for each punch speed remains as

tensile and positive peaks happen at s=—1. It is perceived from Table 5.29 that both
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normalized contact force and punch eccentricity parameter are decaying functions of
punch speed. The mid-point of the contact deviates slightly left from the centerline
of the circular punch as (b—a)/R < 0 and a > b. Faster punches lead this deviation to
be greater as expected. Overall conclusion from this set is that the dynamic effects
of the punch cannot be neglected and the implementation of punch speed by keeping

the time dependent differential terms in PDEs of contact models is essential.

Table 5.28. Material properties and thicknesses used in the solution of the periodic
multi-layer coating problem (AZO Materials, 2023; Bhattarai et al., 2018;
MEMSnet, 2023; Penkov et al., 2015; Suk et al., 2012).

E(GPa) p(kg/m?®) v Thickness (nm)
Cobalt 211 8800 0.32 5.6
Amorphous carbon 180 2270 0.25 4
Silicon 165 2330 0.22 N/A
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Figure 5.29. Contact stresses computed by considering a periodic multi-layer coating

in contact with a moving circular punch for various values of 4(;y: (a) normal stress;

(b) normal stress in lateral direction. (b+a)/R=0.0125, r=0.4.

143



Table 5.29. Contact force and punch position parameter computed for a periodic
multi-layer coating in contact with a moving circular punch for various values of
/1(1). (b+a)/R=0.0125, 7=0.4.

A P/(1(0)(b+a)) (b—a)/R

0.0 0.007444 -0.000922
0.2 0.006990 -0.000948
0.3 0.006386 -0.000981
0.4 0.005460 -0.001026

In Figure 5.30, four curves are plotted to show stress distributions in periodic multi-
layer coating in contact with a moving circular punch for different values of kinetic
coefficient of friction 7. With the increase in 7, Syy loses certain amount of
amplitude when 0 < s < 1 while it potentiates its magnitude in the rest of the interval.
It is monitored that the lateral stress Syy heavily depends on the coefficient of friction.
The peak tensile point in curves at s=—1 becomes a sharper apex when more shear

stress Syy is involved in the model.
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N 0.005 |
@ 0004 | =
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Figure 5.30. Contact stresses computed by considering a periodic multi-layer coating
in contact with a moving circular punch for various values of 7: (a) normal stress;

(b) normal stress in lateral direction. (b+a)/R=0.0125, A(;,=0.1.
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Table 5.30 lists normalized contact force and punch eccentricity parameters versus
friction. Certain level of decrements in both parameters are detected as more friction
is incorporated in the model. Recall from Eq. (4.80) and Eqg. (4.8) that the strength
of singularity of stress at the leading end («;) is 0.5 for frictionless contact (7=0.0).
That makes the punch eccentricity zero, i.e., the punch centerline is vertically aligned
with the mid-point of the contact. For frictional cases, the punch eccentricity
parameter is negative and a > b. Also note that the greatest punch force is calculated

for frictionless contact when a = b.

Table 5.30. Contact force and punch position parameter computed for a periodic
multi-layer coating in contact with a moving circular punch for various values of 7.
(b+a)/R=0.0125, A(1)=0.1.

7 P/(u(0)(b+a)) (b—a)/R
0.0 0.007376 0.000000
0.2 0.007366 -0.000466
0.4 0.007333 -0.000928
0.6 0.007281 -0.001384

Figure 5.31 illustrates stress outputs for four FGM coatings defined by power law
exponents. In this set, a medium level coefficient of friction 7=0.4 and a relatively
low punch speed A(;y=0.1 are chosen. The corresponding convergence analysis of a
CR coating is inscrolled in Table 5.31. This time, number of sub-layers is set as 200
as it limits the percent error at the needed level. It is understood that all FGM coatings
generate Syy lower than the one calculated for H coating. It concludes that material
gradation has a positive effect in diminishing contact stress. The same consequence
can be comprehended from the peak level of lateral stress at the trailing end. The
value of the green curve belonging to H coating at the tensile peak is more than three
times of its nearest challenger’s value shown by black curve of MR coating. In Table
5.32, the contact forces for FGM coatings are considerably smaller than the one for

H coating. In brief, the suppression capacity of material gradation upon stresses in
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FGM coatings is enormously impressive. Due to friction, the end points of the

contact are found as unsymmetrical with respect to the centerline of the punch.

Table 5.31. Number of layers, stresses, and approximate errors computed at s=0 for
a CR coating in contact with a moving circular punch. (b+a)/R=0.01, (b+a)/h=1,

7=0.4, 21y=0.1,

N Sy (0) &, Sy (0) &,
10 -0.004742 - -0.006642 -
50 -0.004113 15.29 -0.007110 6.59
100 -0.003994 2.98 -0.007191 1.12
150 -0.003952 1.08 -0.007219 0.40
200 -0.003930 0.56 -0.007234 0.20
250 -0.003917 0.34 -0.007243 0.12
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Figure 5.31. Contact stresses computed by considering FGM coatings in contact with
a moving circular punch: (a) normal stress; (b) normal stress in lateral direction.
(b+a)/R=0.01, (b+a)/h=1, »=0.4, A)=0.1.

Figure 5.32 and Figure 5.33 present contact stress curves versus punch speed in the
legend considering CR and MR coatings, respectively. The model parameters
(b+a)/h and (b+a)/R are equated to 1.25 and 0.0125. Shear stress is equal to forty
percent of the normal stress in the contact region. The increment in punch speed
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lessens the normal stresses in both considered coatings. Despite similar trends in Syy
curves, zooming in the vicinity of s=—1 clarifies that punch speed reduces the
intensity of lateral stress. According to Table 5.33 and Table 5.34, both punch force

and punch eccentricity parameter depreciate as normalized punch speed rises.

Table 5.32. Contact force and punch position parameter computed for FGM coatings

in contact with a moving circular punch. (b+a)/R=0.01, (b+a)/h=1, 7=0.4, A(1)=0.1.

P/(u(0)(b+a)) (b—a)/R
MR 0.001813 -0.001069
LN 0.002608 -0.001286
CR 0.003157 -0.001445
H 0.005054 -0.000720
4 X107
L1 ()

SX)((S)
Syy(s)

Figure 5.32. Contact stresses computed by considering a CR coating in contact with

amoving circular punch for various values of 4,y: () normal stress; (b) normal stress

in lateral direction. (b+a)/R=0.0125, (b+a)/h=1.25, n=0.4.
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Table 5.33. Contact force and punch position parameter computed for a CR coating

in contact with a moving circular punch for various values of 1. (b+a)/R=0.0125,

(b+a)/h=1.25, 77=0.4.

Ay P/(.(0)(b+a)) (b—a)/R
0.0 0.003513 -0.001677
0.2 0.003455 -0.001698
0.3 0.003382 -0.001726
04 0.003277 -0.001770
3 -3
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Figure 5.33. Contact stresses computed by considering an MR coating in contact

with a moving circular punch for various values of 4(;): (a) normal stress; (b) normal

stress in lateral direction. (b+a)/R=0.0125, (b+a)/h=1.25, =0.4.

Table 5.34. Contact force and punch position parameter computed for an MR coating

in contact with a moving circular punch for various values of 4. (b+a)/R=0.0125,

(b+a)/h=1.25, 77=0.4.

) P/(u(0)(b+a)) (b—a)/R
0.0 0.002083 -0.001255
0.2 0.002038 -0.001273
0.3 0.001980 -0.001299
0.4 0.001898 -0.001338
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In Figure 5.34, the contact stresses for ceramic rich coating are plotted by examining
the relative contact size in legend. Normalized punch speed Ay and friction
coefficient are taken as 0.1 and 0.4, respectively. As (b+a)/h ratio is ascending from
0.1 to 2.0, i.e., the coating length is shortening, lower normalized contact stresses
Syy are calculated. Except for trailing end, Syy fluctuates with the variation of
(b+a)/h in the rest of the examined interval. The peak point at s=—1, on the other
hand, is steadily diminishing as the analysis is conducted with thinner coatings. Table
5.35 reveals that normalized punch force is a decreasing function of (b+a)/h ratio.
However, the change in (b—a)/R due to (b+a)/h ratio is not a monotonous trend.
There is a minimum value of punch eccentricity parameter somewhere in between

0.1< (b+a)/h <1.0.
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Figure 5.34. Contact stresses computed by considering a CR coating in contact with
a moving circular punch for various values of (b+a)/h: (a) normal stress; (b) normal

stress in lateral direction. (b+a)/R=0.01, 7=0.4, A1)=0.1.

Figure 5.35 demonstrates the effects of shear stress induced in the contact region for
a CR coating and (b+a)/h=0.8 ratio by altering the coefficient of friction in the
legend. Although this figure shows similarities in Sy, with Figure 5.30, the lateral
stress curves shift downwards in the entire range. That means the lateral stress turns
into compressive stress especially for 7=0.0 and 7=0.2, shown by black and red

curves, respectively when CR coating is considered instead of periodic coating. As
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shear stress or 7 is further increased, the lateral stress changes sign and becomes
tensile for s < — 1. It is perceived that the tensile peak at the trailing end still occurs
at high friction conditions in spite of the presence of CR coating. Table 5.36
summarizes contact force and punch position parameter calculations of this set.
Symmetric orientation is unsurprisingly found for frictionless case. The required
contact force and punch eccentricity parameter are inclined to decay as shear stress

increases.

Table 5.35. Contact force and punch position parameter computed for a CR coating
in contact with a moving circular punch for various values of (b+a)/h. (b+a)/R=0.01,
7]:0.4, /1(1):0.1.

(b+a)/h P/(u(0)(b+a)) (b—a)/R
0.1 0.004645 -0.001162
0.5 0.004070 -0.001502
1.0 0.003157 -0.001445
2.0 0.002117 -0.001073
0¢ 0.01
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Figure 5.35. Contact stresses computed by considering a CR coating in contact with
a moving circular punch for various values of #: (a) normal stress; (b) normal stress
in lateral direction. (b+a)/R=0.02, (b+a)/h=0.8, 4(;)=0.1.
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Table 5.36. Contact force and punch position parameter computed for a CR coating
in contact with a moving circular punch for various values of 7. (b+a)/R=0.02,
(b+a)/h=0.8, /1(1)20.1.

n P/(1(0)(b+a)) (b—a)/R
0.0 0.007066 0.000000
0.2 0.007049 -0.001514
0.4 0.006998 -0.003009
0.6 0.006915 -0.004469

5.3.2 Multiferroic Structure

The property profile of MEE material in this section is considered as 50% BaTiOs-
50% CoFe204 in volume fraction.

5.3.2.1 Verification

A verification is carried out in order to comprehend the correctness of the developed
procedures and the accuracy of the numerical findings. One may consider a
homogeneous MEE half-plane subjected to the indentation of circular shaped
loading agent, a special case of our problem. In Figure 5.36, the closed form solutions
provided in Appendix E for contact problem of MEE half-plane are compared by our
numerical results. The effects of punch velocity and friction are tested; i.e., the punch
velocity and the coefficient of friction are non-zero. In the closed form solution,
MEE half-plane is assumed to be barium titanate (BaTiOs3) - cobalt ferrite (CoFe204)
composite and in a state of plane strain. In our results, the relative thickness
parameter, &./(b+a) is selected as 10, a sufficiently large value for the relative
coating thickness parameter so that the outputs in our model recover the closed form
solutions. Homogeneous MEE coating is modelled by equating N as 1. Number of

elastic buffer layers, M, is chosen as 3. Figure 5.36 shows comparisons of the contact
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stresses, electric displacement and magnetic induction for a circular punch

indentation computed by considering four different values of 2 which is defined by

A=V]\Jeu/p. (5.10)

Besides, numerical results of punch force and eccentricity parameter are listed in
Table 5.37. As shown in Figure 5.36 and Table 5.37, there is an excellent agreement
between the two sets of outputs, which is an indication of the high degree of accuracy

in our results.
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Figure 5.36. Comparisons of contact stresses for an MEE half-plane in contact with
a moving circular punch to closed form solutions for various values of A: (a) normal
stress in Z-direction; (b) normal stress in X-direction; (c) electric displacement in X-
direction; (d) magnetic induction in X-direction. 7©=0.3, h,/(b+ta)=0.5,
hsy/(b+a) =0.25, hy/(b+a) =0.4375, h./(b+a)=10, R/(b+a)=10.
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Table 5.37. Comparisons of contact force and punch position parameter for a
homogeneous MEE half-plane in contact with a moving circular punch. 7=0.3,
hy/(b+a)=0.5, h3/(b+a) =0.25, hy/(b+a) =0.4375, h./(b+a)=10, R/(b+a)=10.

P/(c44(b+a)) (b—a)/R
/=0.0 4=04 7=0.6 41=0.7 1=0.0 41=04 1=0.6 1=0.7

Numerical 0.06968 0.06221 0.05190 0.04442 -0.00478 -0.00523 -0.00591 -0.00645
Closed-form 0.06964 0.06218 0.05186 0.04436 -0.00486 -0.00535 -0.00611 -0.00673

5.3.2.2  Parametric Analyses

The abbreviations for the considered coatings and their exponents are given in Table
5.38. In this set, the exponents of FGM coatings are chosen as a bit lower in order to
see the effects of gradation better. By comparing the convergence analyses done in
Sections 5.2.1 and 5.3.1, it is concluded that convergence for circular punch results
takes place at lower values of N when the same structure is exposed to the contact
loading. Recall that the number of layers used in semi-circular punch problem is
greater than the one in circular punch problem for elastic structures
(Ng.¢ir=250>N;,=200). We observe the same situation in Table 5.39, too. The results
are not changing too much after N=25 which corresponds to the fastest convergence.
In the preparation of the results in this section, N=25 provides the desired accuracy
and there is no need to more powerful homogenization of FGM MEE coating. Lastly,
normalized punch force and eccentricity values are listed in Table 5.40 for N=25

which guarantees the convergence.

The numerical analyses are performed by considering the problem in Figure 4.9. The
parametric analyses focus on influences of coating type, punch speed, kinetic friction
coefficient, and relative coating thickness on magneto-electro-elastic response of the
structure. Radius of circular punch is assumed as 10 times bigger than the total

contact size.
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Table 5.38. Exponents used in the parametric analyses (set-2).

Property Exponent FGM1 FGM2 LN H
i 12 13 1.8 1.0 0
13 Y, 1.3 1.8 1.0 0
33 Y3 1.3 1.8 1.0 0
Cas Vs 1.3 1.8 1.0 0
€1s Vs 1.4 1.9 1.0 o0
€3] s 1.4 1.9 1.0 0
€33 Iz 14 1.9 1.0 o0
fis Vo 15 2.0 1.0 0
S Yo 15 2.0 1.0 ©
S Y10 15 2.0 1.0 ©
B " 1.6 2.1 1.0 o0
By Y1 1.6 2.1 1.0 ©
Ky Y13 1.7 2.2 1.0 0
J7 Y14 1.7 2.2 1.0 ©

P Vis 14 16 1.0 0
gy Y16 1.8 2.3 1.0 ©
&3 Y17 1.8 2.3 1.0 0

The results belonging to different types of coatings are provided in Figure 5.37.
Model parameters are written in the caption. It is found that MEE rich coatings lower
the contact stress S,,. Thus, the maximum S, is computed for LN coating. The
lateral stress Syy hits the maximum level again for LN coating. Syy behaves like
S, for s > 0. The curves of electromagnetic functions plotted for different coatings
are usually close. However, the magnitude of electric displacement in |s| > 1, is larger
for H coating. Table 5.41 tabulates normalized punch force and eccentricity
parameters for the examined coatings. The coating types differ particularly the punch
force. LN coating possesses the greatest force. Insignificant variations in (b—a)/R

can be seen in Table 5.41.
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Table 5.39. Number of layers, stresses, electric displacement, magnetic induction
and percent approximate errors computed at s=0 for an FGM1 in contact with a
moving circular punch. h,/(b+a)=0.5, h3/(b+a)=0.25, hy/(b+a)=0.4375,
ho/(b+a)=2, RI(b+a)=10, 7=0.4, A(;=0.4.

N o S0 e Sx(0) & Q0 & I'x(0) €q

5 -0.06996 - -0.09655 - -0.03854 - -0.07756 -

10 -0.06987 0.14 -0.09498 1.65 -0.04102 6.05 -0.08099 4.24
15 -0.06981 0.08 -0.09463 0.38 -0.04188 2.07 -0.08199 1.22
20 -0.06979 0.03 -0.09445 0.18 -0.04232 1.04 -0.08250 0.61
25 -0.06978 0.01 -0.09435 0.11 -0.04258 0.61 -0.08280 0.36
30 -0.06977 0.01 -0.09429 0.07 -0.04275 0.39 -0.08299 0.23

Table 5.40. Contact force and punch position parameter for the coating FGML1 in
contact with circular punch. #,/(b+a)=0.5, hy/(b+a)=0.25, h,/(b+a)=0.4375,
h./(b+a)=2, RI(b+a)=10, 1=0.4, A(1)=0.4.

Pl(c4s(0)(bta)) (b—a)/R

N=25 0.053375 -0.007119

Second set of numerical results given in Figure 5.38 and Table 5.42 looks into the
impact of punch speed on contact stresses and electromagnetism for FGM1 coating.
Contact stress S, tends to drop as 4y changes from 0.0 to 0.4. Extenuative effect
of punch speed on contact stress Syy is especially distinguished for s > 0. Zooming
into both positive and negative peaks of electromagnetic response elucidates that the
largest values of electric displacement and magnetic induction are generated for the
elastostatic case shown by black curve. The final remark regarding this set is that

both quantities in Table 5.42 show decaying trend with 4.
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Figure 5.37. Mechanic and electro-magnetic results computed for different MEE
coatings in contact with a moving circular punch: (a) normal stress in Z-direction;
(b) normal stress in X-direction; (c) electric displacement in X-direction; (d)
magnetic  induction in  X-direction.  A,/(bta)=0.5,  h3/(b+ta)=0.25,
hy/(b+a)=0.4375, h./(b+a)=2, Rl(b+a)=10, =0.4, 11y=0.4.

Table 5.41. Contact force and punch position parameter computed for different MEE
coatings in contact with a moving circular punch. 4, /(bta)=0.5, hs/(b+a)=0.25,

hy/ (b+a) =0.4375, h./(b+a)=2, RI(b+a)=10, 7=0.4, A()=0.4.

FGM1 FGM2 LN H
Pl(cau(0)(b+a))  0.053375 0.048619 0.057840 0.039881
(b—a)/R -0.007119  -0.006934  -0.007427  -0.007637
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Figure 5.38. Mechanic and electro-magnetic results computed for an FGM1 coating
in contact with a moving circular punch for various values of A(,y: (a) normal stress
in Z-direction; (b) normal stress in X-direction; (c) electric displacement in X-
direction; (d) magnetic induction in X-direction. h,/(b+a)=0.5, hs/(b+a)=0.25,
hy/(b+a)=0.4375, h,/(b+a)=2, R/(b+a)=10, r=0.4.

Table 5.42. Contact force and punch position parameter computed for an FGM1
coating in contact with a moving circular punch for various values of Ag).
hy/(b+a)=0.5, h3/(bta)=0.25, hy/(b+a)=0.4375, h/(b+a)=2, RI(b+a)=10,
n=0.4.

Ay
0.0 0.2 0.3 0.4
Pl(cas(0)(b+a))  0.081830 0.075533 0.067001 0.053375
(b—a)/R -0.005688 -0.006009 -0.006450 -0.007119
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Another main parameter whose influences are inspected is the coating thickness.
Figure 5.39 and Table 5.43 exhibit the impact of the relative MEE coating thickness,
h./(b+a). The coating choice here is again FGM1. The other parameters 7 and A
are set as 0.4. Decreasing 4./(b+a) from 3.0 to 0.5 results in larger Syy and S,
magnitudes in the contact region. Ahead of the leading end, the largest Syy
magnitude is calculated for 4./(b+a)=0.5 shown by black curve. Examining the
region around s=—1 in Figure 5.39(b) in the expanded version clarifies that the
maximum peak occurs for red curve. The coating thickness is coupled with electric
displacement more compared to magnetic induction. One may observe that more
differences exist between the curves in Figure 5.39(c) compared to the curves in
Figure 5.39(d) which advocates the last remark. Table 5.43 shows that the thicker
coatings decrease the punch force yet increase the punch eccentricity parameter.

The final factor that has a worth to analyze is the kinetic coefficient of friction 7.
Carried out analyses are relayed necessary information about indentation of FGM1
coating with Figure 5.40 and Table 5.44 for four different values of the friction
coefficient. As seen, all outputs in X-direction are influenced by the variation of 7.
Surprisingly, tensile peaks for Syy occurs at both ends at s=—1 and s=1 for
frictionless contact. Although the positive peaks at s=1 for electromagnetic results
seem very close, negative maximum levels near s=—1 are magnified by higher
friction. It is deducted from Table 5.44 that higher shear stress has a decreasing effect
on punch force and eccentricity parameter.

Table 5.43. Contact force and punch position parameter computed for an FGM1
coating in contact with a moving circular punch for various values of 4./(b+a).

hy/(b+a) =0.5, hy/(b+a) =0.25, hy/ (b+a) =0.4375, Ri(b+a)=10, 7=0.4, i(;)=0.4.

h./(b+a)
0.5 1.0 2.0 3.0
Plc,s(O)b+a)) ~ 0.073836  0.063634 0053375  0.048782
(b—a)/R -0.009541 -0.007966 -0.007119 -0.007065
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Figure 5.39. Mechanic and electro-magnetic results computed for an FGM1 coating
in contact with a moving circular punch for various values of 4./(b+a): (a) normal
stress in Z-direction; (b) normal stress in X-direction; (c) electric displacement in X-
direction; (d) magnetic induction in X-direction. h,/(b+a)=0.5, hs/(b+a)=0.25,
hs/(b+a) =0.4375, R/(b+a)=10, 7=0.4, 4(y=0.4.

Table 5.44. Contact force and punch position parameter computed for an FGM1
coating in contact with a moving circular punch for various values of 7.
hy/(b+a)=0.5, hy/(b+a)=0.25, h,/(b+a)=0.4375, RI(b+a)=10, h/(b+a)=1
A1y=0.3.

U
0.0 0.2 0.4 0.6

Plcu(0)(b+a))  0.077221 0.077130 0.076859 0.076415

(b—a)/R 0.000000 -0.003608  -0.007195  -0.010741
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Figure 5.40. Mechanic and electro-magnetic results computed for an FGM1 coating
in contact with a moving circular punch for various values of 7: (a) normal stress in
Z-direction; (b) normal stress in X-direction; (c) electric displacement in X-direction;
(d) magnetic induction in X-direction. h,/(bta)=0.5, h3/(b+ta)=0.25,
hy/(b+a) =0.4375, RI(b+a)=10, &./(b+a)=1, A(;)=0.3.

54 Additional Numerical Results

This section is unique to this dissertation and not published in anywhere else. A
multi-layer coating in sliding contact with a rigid frictional punch is examined in
detail. Problem geometry is depicted in Figure 5.41 which shows a magnetic storage
device in contact with a moving flat or triangular punch. The magnetic storage device
comprises four different thin films, namely diamond like carbon (DLC), magnetic
layer (MAG), intermediate layer (IL), and soft magnetic underlayer (SUL). The

multi-layer coating is bonded to a nickel-phosphorous substrate (Ni-P), modelled as
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a half-plane. The thickness of each layer is provided by Katta et al. (2009), and
shown in Figure 5.41. Utilizing the data given by Katta et al. (2009), the relative

dimensions are specified as

140 b 140

b b
) — A~ =T = 511
64 h 28 h 16 h 4 1D

b
h_z
Elastic properties, density, and thickness of each film and the substrate are tabulated
in Table 5.45. Figure 5.42 shows contact stresses computed by considering a moving
flat punch. The results in Figure 5.42 are generated for 7=0.4. The curves are
obtained for four different values of the dimensionless punch speed 4(;y, where the
subscript 1 stands for the semi-infinite Ni-P substrate. Around the mid-section of the
contact zone, the magnitude of the normal contact stress Syy is seen to decrease as
the dimensionless velocity Ay is increased from 0.0 to 0.7. Reverse variation is
observed for Syy in the contact zone, i.e., the increase in 4,y leads to a corresponding
increase in the stress magnitude in the contact zone. Normal stress in the lateral

direction Syy becomes tensile and approaches to infinity near the trailing end of

contact (s— — 17), whereas it is negative at the leading end (s—1%).

(b)

IL=28nm

IL=28nm

SUL=64nm h, SUL=64nm

Figure 5.41. The moving rigid punches on multi-layer storage device: (a) flat punch;
(b) triangular punch.

161



Table 5.45. Material properties and thicknesses of a magnetic storage device (Katta
et al., 2009).

E(GPa)  p(kg/m®) v Thickness (nm)

Diamond like carbon (DLC) 250 1900 0.24 4
Magnetic layer (MAG) 150 7900 0.30 16
Intermediate layer (IL) 135 7900 0.30 28
Soft magnetic underlayer (SUL) 120 7900 0.30 64
Ni-P layer 114 9000 0.31 -

Normalized stress intensity factors at the sharp corners of the flat punch,
K;(—1) and K;(1) are tabulated in Table 5.46. Stress intensity factors at both ends
are found to be increasing functions of ;). Note that 1.y=0.0 corresponds to the
case of the stationary punch. Significant differences are seen between SIFs calculated
for larger A¢;y values and A)=0.0. These results imply that the assumption of
statically applied punch loading will not lead to sufficiently accurate results if the

punch possesses a velocity.

-0.5 w w w 2

(b)

Syy(s)

L

Figure 5.42. Contact stresses computed by considering a magnetic storage device
(Katta et al., 2009) in contact with a moving flat punch. (a) Normal stress; (b) normal

stress in lateral direction. 7=0.4.
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Contact stresses calculated considering a moving triangular punch are presented in
Figure 5.43 for friction coefficient value of 0.4. For the triangular punch, the normal
contact stress is singular at the sharp corner s=—1, and zero at the point of smooth
contact s=1. Note that contact is not complete in the case of the triangular punch, and
the force P is a function of the length of the contact zone b. Figure 5.43 shows that
magnitude of normal contact stress gets smaller as the dimensionless punch speed
Aqy increases from 0.0 to 0.7. Influence of dimensionless speed on normal stress in
Y-direction, on the other hand, is significant especially near the trailing end of the
contact zone. Normalized contact forces and SIFs at s=—1 corresponding to the cases
studied are tabulated in Table 5.46. Normalized force and SIF at s=—1 are decreasing
functions of punch velocity as presented in Table 5.46. There is again a significant
degree of differences between the values calculated for a statically applied punch
(A»=0.0) and those computed for a dynamic punch (%¢y>0.0). Hence, it is
imperative that governing equations of elastodynamics be employed in the study of

contact mechanics of a multi-layer coating loaded by a moving punch.

0

Sxx(s)

Figure 5.43. Contact stresses computed by considering a magnetic storage device
(Katta et al., 2009) in contact with a moving triangular punch. (a) Normal stress; (b)

normal stress in lateral direction. r=0.4.
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Table 5.46. Stress intensity factors and contact force computed for a magnetic

storage device in contact with a punch. r=0.4.

Flat Punch Triangular Punch
A1) K,(=1) K, (1) K,(=1) P/ (u(0)tan(6)b)
0.0 0.418691 0.443971 0.926035 1.557544
0.4 0.444158 0.459161 0.885296 1.413050
0.6 0.489623 0.485101 0.825875 1.209438
0.7 0.534056 0.509196 0.779246 1.057259
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

Integral transform technique-based solutions for dynamic contact problems of elastic
and multiferroic FGM coatings of arbitrary property variation that is perfectly
bonded to isotropic homogeneous inter-layers and substrates are developed in the
present study. In the method, the most critical issue is the derivation of SIE. In the
numerical homogenization of the graded layers, one should be conscientious since a
skipped step in the numerical algorithm may result in the failure of entire solution
method. Another point one must be careful is that normalized punch speed parameter
is only defined for the substrate in the algorithm. Inside the structure, normalized
punch speed varies depending on the properties of corresponding layers, however,
this parameter cannot be greater than 1 for subsonic speeds. In order to keep this
parameter lower than 1, the maximum limit of normalized punch speed for the first
layer must be limited at certain levels such as 0.4 or 0.7 depending on certain

structures.

In the parametric analyses, both complete and incomplete contact conditions are
examined. Exponents of the weight function in Jacobi polynomial expansion depend
on the material properties, the coefficient of friction and the punch speed. Rigid
loading agent assumption is applied in order to estimate the normal displacement of
the uppermost layer. Coulomb’s friction law assists to relate shear and normal
stresses in the contact region. The discussed procedures and presented results are
verified through comparisons with the models in the literature for elementary cases.
The comparisons in Chapter 5 indicate the accuracy, validity and superiority of the

model in this study.

The framework of this dissertation is as follows: Chapter 1 describes the general

information about multi-layer models, FGMs, multiferroics and their applications in
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devices and components. Chapter 2 summarizes the previous studies in the literature
concerning the homogenization approaches of hetero-structures, the classes of
examined materials and the homogenized solid mechanics models. Chapter 3
informs about the essential steps in the formulation of contact problems. Chapter 4
examines the numerical approaches for four loading punch profiles. In Chapter 5,
verifications and novel results are provided in figures and tables. Chapter 6 finalizes

the dissertation with conclusions, remarks and suggestions.

6.1  Concluding Remarks

The main conclusions drawn from the analyses in the present study can be

summarized in six groups.

e Elastic Less Stiff Coating (Flat and Triangular Punches)
1. Material gradation lessens the lateral stress Syy near the wake of the punch and
SIFs compared to H coating.
2. Normalized punch speed A,y lowers the contact stress Sy, the punch force
P/(u(0)tan(0)b) and SIF K;(—1).
3. More friction in the contact originates greater punch force and smaller SIF.
4. Thicker coatings generate a decrease in Syy yet an increase in SIFs in general.
e Elastic Stiffer Coating (Semi-circular and Circular Punches)
1. When the coating has greater shear modulus than the substrate, the content of
ceramic in the coating increases the magnitude of normalized contact stress
Sxx-
2. Material gradation decreases the lateral stress Syy near the wake of the punch.
3. Ceramic content in the coating may increase the punch force more than three
times and SIF more than two times as shown in Table 5.17.
4. Punch speed reduces the magnitude of Syy, punch force and SIF, yet enhances
the magnitude of Syy in most of the interval of s.
5. Thicker coatings generate greater Syy, Syy when s— — 1™, punch force and
SIF.
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6.

Frictionless contact makes Syy fully negative. As frictional effects and shear
stress are involved, the sign of the lateral stress behind the trailing end changes

and the lateral stress shoots to positive peaks at s =—1.

Elastic Periodic Coating (Circular Punch)

1.
2.

Normalized punch speed weakens the normal stress and punch force.
As n 1, the lateral stress Syy at the trailing end boosts but normalized punch

force P/(u(0)(b+a)) and eccentricity parameter (b—a)/R slightly decrease.

Multi-layer Coating (Flat and Triangular Punches)

1.

For both punch profiles, the magnitude of the normal contact stress Syy is seen
to decrease as the dimensionless velocity as 4¢;y1. Although reverse variation
is observed for Syy for flat punch indentation when s >—1, we detect that

noticable differences exist for triangular punch indentation only if s <—1.

. K;(—1) and K;(1) generated by loading the structure by flat punch go up as

AT, whereas both K;(—1) and P/(u(0)tan(6)b) occurred due to applying

pressure by the triangular punch go down.

Multiferroic Less Stiff Coating (Flat and Triangular Punches)

1.
2.

The smallest magnitude of normal stress S, is calculated for H coating.
While a rise in MEE content in the coating augments Syy in the region behind

the contact of flat punch, noticeable decrements are observed in Syy for s >—1.

. Although electric displacement for H coating is substantially greater than FGM

coatings for the results of both punches, the augmentation of magnetic
induction is valid in only flat punch results. Table 5.8 shows that the lowest
K;(—1) and K;(1) values are obtained for FGM1 (linear) coating which

possesses the lowest MEE content.

. Though an increment in punch speed /¢y results in the rise in both of the

magnitudes of S, and Syy inside the contact region in flat punch results, we

observe the opposite trend in the results of triangular punch.

. Aq acts like a neutral parameter in electromagnetic response. Both SIFs and

punch force tend to diminish as A,y increases.
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. The general tendency in the effects of thicker coatings is that the energy

generated due to contact is transferred to electromagnetic functions more.
Although greater stress intensifications occur for thicker coatings at the sharp
ends of the flat punch, the increase in coating thickness leads SIF and punch

force to fall off for triangular punch results.

Multiferroic Less Stiff Coating (Semi-circular and Circular Punches)

1.

6.2

In general, it is found that MEE rich coatings lower the magnitude of contact

stress Sz;.

. The lateral stress Syy behaves like S, for s > 0.

. The curves of electromagnetic functions plotted for different coatings are

usually close. The magnitude of electric displacement in general is larger for
H coating.

. The coating types differ particularly the punch force. Linear coating possesses

the greatest punch force.

. Normal stress S, tends to drop as ()1, however, 4y has no critical impact

on Syy, Qy and I'y in general.

. Thin coatings result in the generation of larger S, and Sy, magnitudes in the

contact region. Thicker coatings show stronger electromagnetism.

. Though the variation of 7 has limited effects on S, tremendous rises can be

noticed for Syy. Friction coefficient is also strongly coupled with

electromagnetism.

To sum up, material gradation lowers the possibility of failure due to lateral stress
concentration for both stiffer and less stiff coatings. The dynamic effects of the punch
cannot be ignored in the analyses. Lastly, the friction coefficient and the coating

thickness are crucial in the models.

Future Studies

Smart structures developed to respond in a reversible way when exposed to external

stimuli such as mechanical stress, electric and magnetic fields, solar radiation and
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temperature will shape the future of many technological applications. Piezoelectric
(mechanic-electric  coupling), photochromic  (solar radiation triggered),
thermoelectric (thermal-electric coupling), magneto-electro-elastic materials and
shape memory alloys (heat induced) constitute the main types of smart materials.
Piezoelectric materials possess the ability of converting mechanical energy into
electric energy (polarization) and vice versa. The direct piezoelectric effect is the
generation of electric polarization in response to an applied stress. The discussed
contact mechanics analyses can be extended for piezoelectric structures.

A crucial concept in multi-layer coating design is the utilization of thinner and higher
number of sublayers. Despite examining a single type of multi-layer elastic coating
in the present study, Penkov et al. (2015) suggest many periodic coating specimens.
By keeping the total thickness of Co/C layers same, decreasing the sublayer
thicknesses of Co/C and increasing the number of sublayers, the contact analyses

may be repeated and the variations in these results may be tracked.

In contacting bodies, subsurface stresses reach peak levels in a region beneath the
surface. This region is prone to failure due to high stress levels. At the first stages of
loading, micro cracks originate in this region. Then, these cracks unite and form
larger kinked cracks and lead to deterioration of the body. The prediction of the
region exposed to high subsurface stresses can be made by determining the
distribution of stresses in the thickness direction of the coating. For HMLM, plotting
these stresses is a difficult and time consuming job since N is a large number. For
each sublayer in the coating, these stress distributions must be calculated considering

different G;); functions and connected with each other in order to illustrate the total

stress distributions. A fast algorithm can be developed to prepare such figures

analysing subsurface stress distributions.

In multiferroic structures, electro-magnetic insulation is implemented by Egs.
(3.249) and (3.250). Such an insulated multiferroic structure is proposed by Zhang
et al. (2017). However, insulation conditions may not be valid in some applications

if a punch made of conducting material is prefered as the loading agent. For such a
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case, Dyiu1)z(X,0) and Byip)z(X,0) become nonzero and possess unknown
distributions in the contact region. Therefore, a conducting punch problem of
heterogeneous multiferroic structures emerges. The solution of this problem is
possible only if three singular integral equations are solved simultaneously for
normal stress, electric displacement and magnetic induction in Z direction inside the

contact zone. Thus, a conducting punch problem can be studied as a future work.

The author is also planning to prepare a project proposal for TUBITAK 2218 or 2219
Post-Doctarate Research Scholarship Programs on fracture mechanics of
piezoelectric hetero-structures. The scope of the project involves the examination of
quasi-static and elastodynamic surface, embedded, oblique and interface fracture
models of graded piezoelectric systems. The main goal of the project will be
determining quasi-static and dynamic stress and electric intensity factors which

identify the fracture characteristics.
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APPENDICES

A. The Details of Asymptotic Analyses

For sample calculation of wT; (X,¢), the following simplification is done considering
Egs. (3.65) and (3.69).
4 X P

oy (X&) =coeff| 16D Gy e, ——|, (A1)
i Hin+)

4 1S

a)ﬁ(X,g)Z I m Piy eXp(S(N+1)2X) |§| Pi2 eXp( N+1)4 X) (A2)

Observe that there is no term in Eq. (A.2) for roots with positive real parts sy,
and sqys+1)3- Guler (2001) states that the terms for sqy.y; and sy in Eq. (A1)

vanish as ¢ — co. This simplification is proved in the following way. Recall Egs.
(3.50) and (3.51) for i=N.

Z(N+l)1 Z(N+l)2 B e_s(N*md‘”) 0 W(N)l W(N)2 es(N+1)zd(N) 0 A3)
fnaae F(ne 0 e i || Winyg Winye 0 v |
(S(N+1)275(N+1)1)d(N) (5(N+1)4’5(N+1)1)d(m)
Fovan A || W Wino (A4)
Z(N+1)3 Z(N+1)4 W( ) (S(N+1)z S(N+1)3)d(N) W( | (S(N+1) S 1)3)%) '
N)3 N)4
G (S(N+1)2_5(N+1)1)d(N) (S(N+1)4_S(N+1)1)d(N) G
(N | | Wop® Win2® (N+1)2 (A.5)
G(N+1)3 W e(S(N+1> “Spueap W e(S(N+1> ~S(vap )4y G(N+1)4 '

Now, we expand
4

SN X S(naap X SN+12 SN X SN X
ZG(N+1)ie( " =G e " G G + G (AB)

i=1
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Using Eq. (A.5), Gy+1)1 and Gy.1y3 are substituted into Eq. (A.6).

G +l)1eS<N+mX =W uG(y +1)ze(s‘““)2_s<N+l>1)d<N>+5<N+1>1X .
* W(N)zG(Til +1)4e(s<N*”“’S<N+1>1)d<N>*S(N+mX , 0<X <d,. .

G(.Ohl+1)3e5(N+l)3X = WinG(np2 (St St o) ¥ X (A.8)
+ Wi oG (N sa)a (St oy S X , 0<X <dy. .

Considering the interval of X, the exponential functions in Eqgs. (A.7) and (A.8)

approach to zero as ¢ - oo,

S -3 Aoy +S X S -S diy+S X X

( (N+1)2 (N+1)1) (N) (N+1)l _ ( (N+1)4 (N+1)1) (N) (N+1)1 _ 0 S(N+l)1 _

é g © =0, Gpe =0 (A.9)
S - di)+5 X S - doy+S X X
( (N+1)2 (N+1)3) (N) (N+1)3 i ( (N+1)4 (N+1)3) (N) (N+1)3 il o0 S(N+1)3 .

e =g =0, Gyup8 =0. (A.10)

Remember that s(y.y;, i=1....,4 are given by Eq. (3.24). Then, G(y1), and G(y:1y4
are calculated and using (3.55) and (3.56) as ¢ — co.

G _
+ 1 Kivan —LP(
{ (N 1)2}_[®] ( (N+1) ) () ’ (A11)
3( N+1)4 lu( N+1)

Q(¢)
-1
(6]~ finenyz T(naya .\ Tnan Tvsna || Zvsap Znage | (A12)
T Tonwns | [ fivens vy || Znsas Enaga
As - oo, one can modify Egs. (A.11) and (A.12) as
G _
+ I 1 K 4 1P
ML _Te] (K ~2JP(&) , (A.13)
G(N+1)4 Hn) Q(;)
r r -
[®]w: (N+1)2  (N+1)4 . (A.14)
Inegys  T(nas

188



When Gy 1), and Gy, are inserted in Eq. (A.1), only constant terms p,andp,,
in Eq. (A.2) appear. Lastly, p,, and p,, are summed up and form the asymptotic

coefficient p, in Eq. (3.87). Note that similar calculations are done for each w;;(X,).
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B. The Coefficients Found by Asymptotic Analyses

The coefficients of the asymptotic analyses of the kernels for elastic structures are

provided below.

-1
2 2 (K(N+l) )2
1- //{/(N-%—l) 1- ﬂ“N+l (K +1)ﬂ’(N+l)
(N+1)
P = ,  (B.1)

-1
1- 2’2N+1) (/14N+1 4/12N+1 +4)+ 1- AZN+1 E:;::j_l_l;(ﬂ'ﬂ(zmn 4)

1
22 (2-23 )+ J1- EZNA)M(M(ZM 2)

D, = N+1) | (B.2)
b
1- /1(2N+1) (’14N+1) 4/1(2N+1) +4)+ 1- }“(ZNA)W(M(ZNH) 4)
p3 _ /IZNJrl (1 /12N+1 ) ’ (BS)
1
1- /12N+1) (ﬂ‘(ANﬂ 41(2N 1) )+ 1- ﬂ(zrm m(mﬁm) 4)
T e o
0, = (K(N+l)+1) (B.4)
4= ) )
K.y —1
1- 12N+1) (1(4N+1) 4/1(2N+1 4)“‘ 1- 1(2N+1) EKE:jJrlg (41(2N+1) 4)

The coefficients for multiferroic structures, p , i=1,...,8, are calculated by numerical

asymptotic analyses of the integrands.

191






C. Properties of Jacobi Polynomials

Integrals related to Cauchy kernels are calculated utilizing the equations below
provided by Tricomi (1957).

1
lj.(l_ r)oq (l-l— r)az Pn(alvaz) (r)% _ —COt(ﬂ'al)(l—S)al (1+S)(12 Pn(al'%) (S)
T —
(C.1)
(aata,)
+2 F(al)r(n‘l‘az"'l)F[n_l_l;_n_al_az;l_al;];sj’ -1<s<1
rT(N+a+a,+1) 2

where a; >— 1,0, >—1, a; #0,1,2,..., and I'( ) is the Gamma Function. Note that,
F( ) designates Hypergeometric Function in this relation. Providing that

w=—(0,+ay)=—1,0,1, Eq. (C.1) reduces to

ar

S b = —COt(ﬂ'al)(l_s)oq (1+S)a2 Pn(al’m) (S)

L amry® @er)” e (r
. (C.2)

b2 prare(s), -1<s<1
sin(rza,)

In the calculation of lateral stress, electric displacement and magnetic induction, the
following recurrence type closed form solutions of Cauchy principal value integrals

are calculated referring Arslan (2016).

1 _r\* a
L, (s)=] : r)r_(?r) PRIl (r)dr, —m<s<on (C3)
-1

The recurrence relation is written as follows:

1 ,a,
Ln(S):m[Pn( )(S)Ln_l(S)-l‘Gn_lj, —0 < S <o, n=1,2,..., (C4)

n-1

h — 2079 (g +1)T (e, +1)
o C(o+a,+2)
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2% (n+y +1)T (n+a, +1)
S (2n+o+a, +1)NIC (N+ oy +a, +1)°

n=12,...,

n

2(n+1)(q +a, +n+1)

G, = ,
" (g +a,+2n+1) (o +a, +2n+2)

n=0,12,....

(C.6)

(C.7)

Depending on the strength of singularities of the end points of the contact, the initial

function Ly(s) of the recurrence varies. Three possibilities of L,(s) are explicitly

given below.

Casel. o, <0, a,<0, o+a,=-1

—(1-5)"(-1-5)", —w<s<-1

LO(S)Zsin(ﬂ ) (1-s)" (1+s)? cos(mey), —1l<s<1
o

T (s-1)" (s+1)”, 1<s<oo

Case2. o, >0, ,<0, o+a,=0.

(1-5)"(-1-s)" -1, —w<s<—1
Ly (s)= o (7;051) (1-5)" (1+s)* cos(ma, ) -1, —1l<s<1
(s—1)"(s+1)™ -1, l1<s<o

Case3. o, >0, «,>0, o+a,=1

—(1-5)*(-1-9)" —s+a, —a,, —o<s<-1
LO(S)Zsin(:ral) (1—3)”:(1+s)0: cos(zey)—s+oy—a,, —l<s<l1
(s—1)" (s+1)* —s+a, —a,, 1<s<oo
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D. The Method of Evaluation of Fredholm Kernels

Numerical methods applied in the calculation of Fredholm Kernels play a critical
role in the accuracy of the results. A sample calculation for kernel k;,(z,X) is

explained below. Note that similar calculations are done for all Fredholm Kernels.
iy (6, X) = [ (h (&)= py)sin(¢ (t-X)) dg, (D.1)
0

At this point, Fredholm kernel is normalized and updated.

X =252, t=2r+2, () =2h (<) (02)
=2 p= B (1) =K (ns). ©3)
Kn(r,s):T(rfl(g“*)—pf)sin(g“*(r—s))dg’*. (D.4)

Now, a suitable integration cut-off point (4") is selected. Note that this cut-off point
must be great enough in order to make the second term in the right-hand side of Eq.
(D.5) zero.

Kll(r,s):/:[(hl*l(g*)— pf)sin(g*(r—s)) de + I(hl*l(g*)— pf)sin(g’*(r—s)) d¢”,
(D.5)

Then, the interval with the cut-off point is normalized and Gauss-Legendre

Quadrature method is performed.

, (D.6)
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* 1

e [0 )] 505 Jr-9) o= Twata) @

-1

*

”n(fk)=%*(fﬁ(§)— pf)sin([%*&%](r—s)]. (D.8)

where wy, k=1,...,T, are the weights of quadrature method and &, k=1,...,T, are the
roots of Legendre functions. In order to avoid excessive computation time, the
integration interval 0<¢&<A4" is divided into many parts. For each part, 20-point
Gauss-Legendre Quadrature method is carried out and the results are summed up.

Note that the weight function of Gauss-Legendre Quadrature method is 1 and it can
be applied to any Fredholm kernel.
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E. Closed Form Solution of Contact Mechanics of Homogenous MEE Half-

Plane Indented by Circular Punch

In this appendix, the problem of homogeneous MEE half-plane in Hertzian contact
with a rigid circular punch is briefly discussed. Referring to Egs. (3.137)-(3.140), the
field quantities are written in the simplified form as

U (x,z):%iéeje“l“md;, —0< X <0, (E.1)
W(X,Z):%zéejﬁe“iz*'mdg, —0< X <oo, (E.2)
cp(x,z)=%z§GjRje“'“mdg, —0< X <o, (E.3)
T(X,Z):%sz:Gije(sjz”gx)dg, —o0< X <o, (E.4)

where s; are the roots with negative real parts given by Egs. (3.150) and (3.151) and
F;, R; and Y; are provided by Eq. (3.155). Similar to Eq. (4.93), the singular integral

J> J
equation of the homogenous MEE half-plane
(b+a)s

1 b_
npzszz(s)+&jszz—(r)dr=— - (b-a) , —l<s<], (E.5)
T r—s 2Rc,, (0) 2Rc,, (0)

-1

is written and the dimensionless coordinates, s, r and contact stress, S, are
previously specified in Section 4.4.2. Next, the punch eccentricity parameter is

derived as below.

b—a b+a

Substitution of Eq. (E.6) into Eq. (E.5) leads to
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1 (—an.—ay)
Py [ Sz (r) (b+a)R (s)
e - -1 1. E.7
17P2S7 (8)+ pn J; s dr RCa (0) , —l<s< (E.7)
From Eq. (E.7), the normal stress is found as
S,,(s) = Al—-s)“(1+s)*, —-1l<s<lI. (E.8)

where the first and the only nonzero coefficient 4, is determined as follows:

_ sin(ze, ) (b +a)

A
2pc,R

(E.9)
Dimensionless lateral stress Syy, electric displacement Qy and magnetic induction

I'y are defined below.

Sxx (5)=M, Q, (s):w

Caa Cus / Pis

Iy (s)= . (E.10)

and they are explicitly stated as follows:

PPl (1 \a( 1 o\ _ 3
Sin(ﬂal)( (1-9)"(-1-9)" -s+a az)

+(pg + p4plo)(:|-_s)a1 (1+3)a2 , —o<s<-]

S (S) _ %((1_5)% (1+ s)az cos(;zal)—s+0£1 —az)

+(p9 + p4plo)(:|-_s)w1 (1+3)a2 , —l<s<l],

Ps Pro?7 1\ a 3
peivEm (ml)((s 1) (L+s)" s+ ~a )

(E.11)

+(pg + p4p10)(:|-_5)w1 (1+S)a2 , l<s<oo,
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(P2 Ps+ PsP; ) Pig o a
_ sin () (—(1—5) (-1-5) —s+a1—a2)

+77 Py ( Pr1 — P12 Ps — Pis ps)(l_ S)al (1+ S)

_(PuaPs * PPy ) P ((1—5)“1 (1+5s)™ cos(ma,)—s+e —az)

ap
H

—0<Ss< -],

sin (e, ) (E12)
+n plG(pll_ P2 Ps — Pus ps)(l_s)(l1 (1+S)a2 , —l<s<],
(Pi2Ps + PisPr) Pis w
i ((s-1)" (1+5)" ~s+ e —a,)
+17 Pyg ( Py = PraPs = Pas ps)(l_s)a1 (1+ 5)% , 1<s<oo,
(PisPs + PisPr) Py 3 »
) (-a-9)" (-1-5)" ~s+e-a,)
+17Py; ( Pra — P13 Ps — Pis ps)(:l-—s)al (1+ S)a2 , —o<s<-]
(PisPs + PisP;) Py » .
- 1- 1 — _
sin(7a) (( s)* (1+5s)™ cos(7a,)-s+a, 0:2) £13)

+171 Py ( Pis = PiaPs = Pis ps)(l_ S)a1 (1+ 3)a2 , —l<s<],

(PisPs + PisP;) Py o @
ey ((s-1)" (1+5)* =5+ -z

ap

+77p17(pl4_p13p6_p15p8)(1_s)a1 (1+5) , 1<s<omo,

The constants, p,, i=1,...,17, are same as the constants derived in Sections 3.2 and

4.1.2. The force required for moving contact is computed by Eqg. (4.99).
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